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A Student's Guide to Deriving Particle Physics and
Quantum Mechanics from Observer-Patch
Holography

What this textbook is about: What if the entire zoo of subatomic particles, quarks,
leptons, gluons, the Higgs boson, fell out of a single idea: no single observer sees
everything? And what if quantum mechanics itself, the bizarre rules of superposition,
measurement, and probability, emerged from the same starting point?

This textbook walks you through exactly that derivation. Starting from five axioms
about how observers share data on a spherical screen, we will derive the exact gauge
group of the Standard Model, the number of particle generations, the number of color
charges, the hypercharge assignments, the absence of proton decay, and the Born
rule of quantum mechanics.

No prior knowledge of particle physics, quantum mechanics, or advanced
mathematics is assumed. Every concept is explained from scratch with analogies, toy
examples, worked calculations, and plenty of explainer boxes.

The Big Picture
OPH (Observer-Patch Holography) starts from a deceptively simple premise: no single
observer sees everything. Each observer has a local "patch" of data on a spherical
screen. The theory asks: if we demand that overlapping patches agree, what physics
emerges?

The answer:

• Quantum mechanics, the Born rule, superposition, the measurement postulate,
all emerge from how observers update their records
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• The exact Standard Model gauge group SU(3) × SU(2) × U(1) / Z₆

• Exactly 3 generations of matter (why there are three copies of quarks and
leptons)

• Exactly 3 colors (why quarks come in red, green, blue)

• The exact hypercharge lattice (which determines electric charges of all particles)

• No gauge-mediated proton decay (protons are absolutely stable against gauge
boson exchange)

• No magnetic monopoles from GUT breaking

The derivation chain at a glance:

1. Axioms 1--4 give us a consistent screen with edge sectors (boundary charges)

2. Screen microphysics provides the concrete architecture: registers, Gauss
projectors, repair loops

3. Consensus protocol ensures objectivity: local repairs converge to the same
global reality

4. Tannaka-Krein reconstruction tells us those edge sectors ARE the
representations of some compact group G

5. MAR (Axiom 5: Minimal Admissible Realization) selects the simplest admissible
G: forcing a product structure

6. Minimality pins down the factors: SU(3), SU(2), U(1)

7. Anomaly cancellation + MAR fixes 3 generations, 3 colors, and the Z₆ quotient

8. Hypercharge quantization falls out, and proton decay is structurally forbidden

9. The Born rule and quantum measurement emerge from the screen's
record-update protocol

Here is the full story.

Chapter 1: Introduction: The Big Idea
This chapter sets the stage: why deriving the Standard Model is such a big deal, what
OPH does, and how this textbook is organized.
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Why This Matters

For about a century, physicists have assembled the Standard Model of particle physics
piece by piece. Every time a new particle was discovered, the muon in 1936, the
charm quark in 1974, the top quark in 1995, the Higgs boson in 2012, its properties
were measured and added to the model. The result is spectacularly successful: it
predicts experimental results to twelve decimal places.

But the Standard Model has about 19 free parameters that must be measured rather
than calculated. The gauge group SU(3) × SU(2) × U(1) is put in by hand. The number
of generations (three) is put in by hand. The hypercharge assignments are put in by
hand. Nobody knows why these choices and not others.

OPH claims: these are not choices at all. They are the unique simplest consequence of
demanding that partial observers, beings who each see only part of reality, can share
a consistent world.

How This Textbook Is Organized

We build the story in layers:

• Chapters 2--3: The OPH axioms and the quantum mechanics you need

• Chapters 4--6: The consensus protocol, screen architecture, and edge sectors:
the physical foundation

• Chapters 7--8: Group theory and compact gauge reconstruction: from edges to
symmetry groups

• Chapters 9--13: Pinning down the Standard Model factors, generations, and
colors

• Chapter 14: Quantum measurement from OPH: Born rule, records, observer
continuation

• Chapters 15--17: The particle zoo, corollaries, and the complete derivation map

• Chapter 18: Darwin's laws: why these laws and not others?
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What We've Learned

• The Standard Model is incredibly successful but has many unexplained
inputs

• OPH aims to derive all of these from five axioms about partial observers

• This textbook covers the full path: from axioms to quantum mechanics to
particle physics

Chapter 2: The Starting Point: OPH Axioms Recap
This chapter briefly revisits the five axioms of OPH, focusing on the aspects that
matter for the particle physics derivation. Readers of Textbook 01 (From Observers to
Gravity) will recognize the material. If not, everything you need is covered here.

The Setup: Observers on Spherical Screens

Picture yourself floating in space, surrounded by a sphere of sky. In OPH, all of an
observer's physical data lives on this sphere, called S². Different observers see
different patches: connected regions on the sphere. Physics emerges from demanding
that overlapping patches tell a consistent story.

The Five OPH Axioms (Quick Version)

Axiom 1, Screen Net: Each region P on the sphere carries a local algebra A(P), the set
of all measurements you can make there. Bigger regions contain the measurements
of smaller sub-regions.

Axiom 2: Overlap Consistency: Where two patches overlap, their measurement results
must agree.

Axiom 3: Local MaxEnt and Refinement Stability: At the UV scale, the realized state
maximizes entropy subject to a finite family of gauge-invariant local constraints, and
this family is stable under coarse-graining.
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Axiom 4: Recoverable Generalized Entropy: There is a well-defined generalized
entropy for each cap on the sphere, which is finite, obeys quantum focusing, and
comes with recoverability: collar tripartitions have small conditional mutual
information with controlled recovery maps.

Axiom 5: MAR (Minimal Admissible Realization): Among all consistent sector packages,
nature picks the simplest one with the lexicographically minimal complexity vector.
This is Occam's Razor made mathematically precise, and it is especially important for
the particle physics derivation.

Hilbert space

A Hilbert space is a mathematical arena where quantum states live. Think of it
as a generalization of ordinary space to potentially many dimensions, equipped
with a notion of "length" and "angle" between states. Ordinary 3D space lets
you describe the position of a ball; a Hilbert space lets you describe the state of
a quantum system. The dimension of the Hilbert space tells you how many
independent states the system can be in. A single qubit (quantum bit) lives in a
2-dimensional Hilbert space; a system of n qubits lives in a 2ⁿ-dimensional one.

Quantum state

A quantum state is the complete description of a quantum system at a given
moment. It can be written as a vector |ψ⟩ in a Hilbert space (called a "ket" in
Dirac notation) or, more generally, as a density matrix ρ. The state encodes
everything you can predict about future measurements. Unlike a classical state
(like "the ball is at position x with velocity v"), a quantum state can be a
superposition of multiple possibilities simultaneously.

Density matrix

A density matrix ρ is a more general way to describe a quantum state than a
wave function. It is a square matrix that is positive (all eigenvalues are
non-negative) and has trace 1 (Tr(ρ) = 1). When you know the exact state, ρ =
|ψ⟩⟨ψ| (a "pure state"). When you have classical uncertainty, maybe the system
is in state |ψ₁⟩ with probability p₁ or state |ψ₂⟩ with probability p₂, you write ρ =
p₁ |ψ₁⟩⟨ψ₁| + p₂ |ψ₂⟩⟨ψ₂| (a "mixed state"). Density matrices are essential in OPH
because observers with partial information naturally deal with mixed states.
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The Two Numerical Quantities

OPH derives one dimensionless constant from internal closure and takes one
numerical input from observation:

• P ≡ acell / ℓP² = 1.630968209403959 (derived): the pixel area, the area of one
screen cell measured in Planck units. This is the single particle-physics scale, fixed
as the unique self-consistent fixed point of the closure law P = φ + αem(P)√(π) (see
the Closure page). From this one number, the electroweak calibration stage
derives the W boson mass, Z boson mass, coupling constants, and all downstream
particle masses.

• Nscr ≡ log dim Htot ∼eq 3.31 × 10¹²² (input): the log of the total Hilbert-space
dimension on the cosmological horizon, equivalently the de Sitter horizon entropy
SdS in nats. With the bare horizon-area ratio Npatch ≡ (rdS/ℓP)² ∼eq 1.05 × 10¹²²,
the Bekenstein-Hawking A/4 normalization gives Nscr = π Npatch and Λ ℓP² =
3π/Nscr ∼eq 2.85 × 10⁻¹²², matching Planck-2018. This enters the
cosmological-capacity branch and a separate order-of-magnitude neutrino
estimate, but does not affect the particle-spectrum derivation.

Everything else, the gauge group, particle content, generation count, and quantum
measurement rules, is derived.

Why P Sits Near the Golden Ratio

The value P = 1.630968209403959 is derived, not fitted: it is the unique
self-consistent fixed point of the outer/inner closure law P = φ + αem(P)√(π) on the
electroweak surface. Its proximity to the golden ratio φ = (1+√(5))/2 ≈ 1.61803 is
structural.

Write the generalized entropy of a cap as bulk plus edge, Sgen = Sbulk + ⟨LC⟩, and
define the total-to-bulk ratio x = Sgen/Sbulk = 1 + ⟨LC⟩ / Sbulk. Self-similar balance asks
the total-to-bulk ratio to match the bulk-to-edge ratio:

SgenSbulk = Sbulk⟨LC⟩ x² - x - 1 = 0.

The unique positive solution is the golden ratio:

x = φ = 1+√(5)2 ≈ 1.61803398875.
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So φ is the exact self-similar equilibrium of the total/bulk/edge hierarchy. A universe
sitting on that point is too symmetric for observers: durable records require entropy
gradients, structure requires departures from balance, dynamics requires a branch on
which something can happen. The realized P has to sit slightly off the equilibrium, and
the closure law fixes the offset to exactly the inner-coupling step αem(P)√(π).

With the order parameter A_φ(x) := x - 1 - 1/x, exact balance is A_φ(φ) = 0, and the
realized values are:

Quantity Value

Golden ratio φ 1.61803398875

Derived pixel area P 1.630968209403959

Absolute detuning Δ P = P - φ 0.01293422

Relative detuning (P - φ)/φ 0.7994\%

Order parameter A_φ(P) 0.01783547

The pixel area sits within one percent of the golden ratio. That proximity is the
structural reason why the derived value lives where it does: the closure law forces P to
sit one inner-coupling step above φ.

MAR: The Key Ingredient for Particle Physics

Axioms 1--4 establish the mathematical framework: consistent overlapping patches,
MaxEnt states, entropy, edge sectors. But they don't uniquely determine which
particle physics you get. Many gauge groups could be consistent.

Axiom 5 (MAR) is the selection principle. It says: among all gauge groups that satisfy
the consistency requirements, nature picks the one with the smallest complexity.
Think of it as Occam's Razor made mathematically precise. This single axiom will force
us from "some compact group" all the way to "the exact Standard Model gauge
group."
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What We've Learned

• OPH has five axioms about observers sharing data on spherical screens

• Axioms 1--4 provide the mathematical scaffolding (screen net, overlap
consistency, MaxEnt, generalized entropy with recoverability)

• Axiom 5 (MAR) is the selection principle that pins down particle physics

• Only two external numbers (P, Nscr) are needed as input

• Quantum states live in Hilbert spaces and are described by density matrices

Chapter 3: Quantum Mechanics You'll Need
This chapter is a crash course in quantum mechanics, covering the specific formalism
used in the OPH derivation of particles and forces. Readers familiar with QM can skim
for notation. Readers new to QM should read carefully: everything here comes back
later.

The Strangeness of the Quantum World

Classical physics describes a world of definite properties. A ball has a definite position
and velocity at every moment. Quantum mechanics says: not so fast. At the
subatomic level, particles do not have definite properties until they are measured.
Instead, they exist in a superposition of possibilities.
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Wave-particle duality

Light sometimes behaves like a wave (interference, diffraction) and sometimes
like a stream of particles (the photoelectric effect). Electrons, too, sometimes
behave like particles (leaving dots on a screen) and sometimes like waves
(creating interference patterns). Wave-particle duality is the observation that
quantum objects are neither purely waves nor purely particles: they are
something new that shows different faces depending on how you look at them.
In OPH, this duality emerges because the screen's registers encode information
in a way that naturally supports both wave-like (superposition) and particle-like
(discrete measurement outcomes) behavior.

Superposition

A quantum system can be in a combination of multiple states at once. If a qubit
can be in state |0⟩ or state |1⟩, it can also be in the superposition α|0⟩ + β|1⟩,
where α and β are complex numbers satisfying |α|² + |β|² = 1. This is not the
same as "we don't know which state it's in": the system genuinely is in both
states simultaneously, as demonstrated by interference experiments.
Superposition is the default mode of quantum systems; definite outcomes only
appear upon measurement.

Measurement and the Born rule

When you measure a quantum system in superposition α|0⟩ + β|1⟩, you get
outcome 0 with probability |α|² and outcome 1 with probability |β|². This is the
Born rule: the probability of a measurement outcome equals the squared
magnitude of the corresponding amplitude. After measurement, the system
"collapses" to the observed state. In standard QM, the Born rule is postulated.
In OPH, it is derived from the screen's record-update protocol (Chapter 14).

Wave function

A wave function ψ(x) is one way to describe a quantum state. It assigns a
complex number to each possible position x. The probability of finding the
particle near position x is |ψ(x)|² (the Born rule again). Wave functions can
interfere constructively (peaks align, probabilities increase) or destructively
(peaks cancel, probabilities decrease). The wave function is related to the state
vector by ψ(x) = ⟨x | ψ⟩, which is the state expressed in the "position basis."
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The Mathematical Framework

The formalism of quantum mechanics uses a few key ingredients:

1. States live in a Hilbert space H

2. Observables (measurable quantities) are represented by Hermitian operators
on H

3. Measurement outcomes are eigenvalues of those operators

4. Probabilities follow the Born rule: P(E) = Tr(ρ PE), where PE is the projector onto
the eigenspace for outcome E

5. After measurement, the state updates: ρ → PE ρ PE / Tr(ρ PE)

This last rule is called Luders conditioning (or the projection postulate). Together,
rules 4 and 5 form the "Born-Luders package" that OPH derives from first principles.

Von Neumann entropy

The von Neumann entropy of a quantum state ρ is S(ρ) = -Tr(ρ ln ρ). It
measures how mixed (uncertain) the state is. For a pure state, S = 0 (no
uncertainty). For a maximally mixed state of dimension d, S = ln d (maximum
uncertainty). Von Neumann entropy is the quantum generalization of Shannon
entropy from information theory. In OPH, it plays a central role in Axiom 4
(generalized entropy) and in the consensus protocol.

Conditional mutual information

The conditional mutual information I(A:C|B) = S(AB) + S(BC) - S(B) - S(ABC)
measures how much information A and C share, given knowledge of B. When
I(A:C|B) = 0, knowing B screens off all correlations between A and C: they are
conditionally independent. In OPH, this condition applied to collar regions (thin
boundary strips) is what makes the Markov property work: the collar acts as a
perfect information barrier between the interior and exterior.

A Worked Example: The Qubit

The simplest quantum system is a qubit: a two-level system. Its Hilbert space is C²
(two-dimensional complex vector space).
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A general pure state is: |ψ⟩ = α|0⟩ + β|1⟩ with |α|² + |β|² = 1.

Example: The state |ψ⟩ = (1)/(√(2))|0⟩ + (1)/(√(2))|1⟩.

Its density matrix is:

ρ = |ψ⟩⟨ψ| = (1)/(2)pmatrix 1 & 1 \ 1 & 1 pmatrix

Measuring in the {|0⟩, |1⟩} basis:

• P(0) = Tr(ρ |0⟩⟨0|) = ⟨0|ρ|0⟩ = 1/2

• P(1) = Tr(ρ |1⟩⟨1|) = ⟨1|ρ|1⟩ = 1/2

Each outcome has 50% probability. After getting outcome 0, the state becomes |0⟩⟨0|:
a pure state with no more uncertainty.

This simple example contains all the essential quantum mechanics we need. The
Born-Luders package (P(E) = Tr(ρ PE) and the state update rule) is the core of
quantum measurement, and OPH derives it from the screen's structure.

What We've Learned

• Quantum mechanics describes a world of superposition, where systems can
be in multiple states at once

• States are vectors in Hilbert space; mixed states use density matrices

• The Born rule gives measurement probabilities; Luders conditioning gives
post-measurement states

• Von Neumann entropy measures quantum uncertainty

• These rules are postulated in standard QM but derived in OPH

Chapter 4: Reality as a Consensus Protocol
This chapter explains how "objective reality" works in OPH. Reality is a consensus
protocol: multiple observers with partial views negotiate until they agree. The
negotiation converges to a unique result, regardless of the order of negotiations. That
convergence IS objectivity.
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Patch Nets: The Network of Observers

Imagine a social network where each person (node) has their own local picture of
reality, and neighbors share information across links. Mathematically:

• A graph G = (V, E): vertices V are patches, edges E connect neighboring
(overlapping) patches

• Each vertex i carries a local state space Sᵢ (all possible local configurations)

• Each edge e connecting patches i and j has an interface alphabet Iₑ with
projection maps πi,e: Sᵢ → Iₑ and πj,e: Sⱼ → Iₑ

A state is consistent when all neighbors agree on their shared interface: πi,e(sᵢ) =
πj,e(sⱼ) for every edge e.

Analogy: Think of Google Docs with multiple editors. Each editor controls one section,
but sections overlap (shared paragraphs). A "consistent state" means no one sees
contradictions in the overlapping text.

The Inconsistency Potential: Measuring Disagreement

How much do observers disagree? We quantify this with a single number:

Φ(s) = Σedges e wₑ · dₑ(πi,e(sᵢ), πj,e(sⱼ))

• INPUT: A global state s (each patch has some configuration)

• WHAT THE MATH DOES: For each edge, measure the mismatch between what
the two neighboring patches say about their shared interface, multiply by a weight
wₑ, and sum over all edges

• OUTPUT: A non-negative number Φ(s). If Φ = 0, the state is consistent. If Φ > 0,
there are disagreements

Toy Example: Three weather stations A, B, C form a triangle. A and B share a border
zone, as do B and C, and C and A. Each station reports the temperature in its border
zones. If A says the A-B border is 20C but B says it is 22C, that is a mismatch of 2.
Sum all such mismatches and you get Φ.
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Local Repair Laws: Fixing One Patch at a Time

When there is disagreement, observers fix it locally. A repair map Tᵢ updates patch i's
state to reduce its contribution to the inconsistency:

• INPUT: Current state of patch i and its neighbors' interface data

• WHAT THE MATH DOES: Tᵢ adjusts sᵢ to better agree with neighbors, reducing Φ.
The repair is a fixed-cutoff collar update read from OPH recovery dynamics (exact
Markov splice or a declared Petz/Fawzi-Renner recovery channel). A repair is
committed only under the touched-overlap local-fit acceptance contract: the
update must actually improve agreement on the overlaps it touches

• OUTPUT: Updated local state Tᵢ(sᵢ) with strictly less disagreement: Φ(Tᵢ(s)) < Φ(s)

Analogy: In Google Docs, an editor sees highlighted conflicts and resolves them in
their section. They don't need to know what other editors are doing simultaneously.
The acceptance contract is like spell-check confirming the fix actually removed a
conflict before committing the edit.

The Inconsistency Potential as a Lyapunov Functional

Lyapunov functional

A Lyapunov functional is a quantity that strictly decreases at every step of a
process and is bounded below. Think of rolling a ball down a staircase: each
step takes the ball lower, and the ground floor exists, so the ball must
eventually stop. The inconsistency potential Φ plays this role for the consensus
protocol. Since each accepted repair strictly lowers Φ and Φ ≥ 0 on a finite
patch net, the repair process must terminate in finitely many steps. The
Lyapunov argument guarantees termination.

Newman's Lemma: Why the Order Doesn't Matter

The convergence argument has two ingredients, both derived from OPH structure:

1. Termination (from Lyapunov descent): Each accepted repair strictly lowers Φ.
Since Φ is non-negative and the patch net is finite, repairs must stop.

2. Local confluence (from union-collar gluing): When two repairs could act on
overlapping patches, the collar's overlap-associative gluing structure ensures the
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result is the same regardless of order. On the ordinary/central branch,
reparenthesization stays inside one center-sector quotient class; on the
noncentral branch, it stays inside one crossed-module orbit. Either way, the
physical glued state is order-independent.

With both ingredients in hand, Newman's lemma (1942) delivers the result:

Theorem (Newman's Lemma applied to patch nets): Every state s has a unique normal
form nf(s) ∈ C (the set of consistent states), independent of the repair order.

• INPUT: Any inconsistent state s

• WHAT THE MATH DOES: Apply local repairs in ANY order until all disagreements
vanish. Lyapunov descent guarantees termination; union-collar gluing guarantees
the same endpoint.

• OUTPUT: A unique consistent state nf(s): the SAME state no matter which order
you chose

This IS objectivity. Different observers resolving conflicts in different orders still arrive
at the same globally consistent picture. Reality doesn't depend on who "goes first."

Toy Example: Three friends have conflicting stories about what happened at a party.
Alice says the music was loud, Bob says it was quiet, and Carol has a recording that
settles it. Through pairwise conversations (local repairs), they must converge. The
theorem says: no matter who talks to whom first, they always end up agreeing on the
same final story: because the recording provides a unique resolution.

Why Local Agreement Is Not Enough: Cycle Holonomy

A subtlety that to be central for the particle physics derivation.

Holonomy

Imagine walking around a closed loop on a curved surface, carrying an arrow
that stays parallel to the surface at each step. When you return to your starting
point, the arrow might not point the same way: it has been "rotated" by the
journey. That rotation is the holonomy of the loop. On a flat surface, holonomy
is always zero (the arrow comes back unchanged). On a curved surface like a
sphere, it can be nonzero. In OPH, holonomy measures whether local data
around a cycle can be stitched into a globally consistent picture. Nonzero
holonomy is the seed of gauge fields: the force carriers of particle physics.
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Consider three patches A, B, C forming a triangle, each sharing a Z₂ label (0 or 1) with
its neighbors. The shared labels are: bAB = 0, bBC = 0, bCA = 1.

Check: each edge individually is satisfiable. A and B can agree on 0. B and C can
agree on 0. C and A can agree on 1. But can all three be satisfied simultaneously?

Let's try. Assign label a to A, b to B, c to C. The edge constraints say:

• a ⊕ b = 0 (so a = b)

• b ⊕ c = 0 (so b = c)

• c ⊕ a = 1 (so c ≠ a)

But if a = b and b = c, then a = c, contradicting c ≠ a. No global solution exists!

The obstruction is the cycle sum: 0 + 0 + 1 = 1 ≠ 0. A global solution exists if and
only if the holonomy vanishes on every cycle.

Why this matters: The nonvanishing holonomy is the seed of gauge fields: the force
carriers of particle physics. Photons, gluons, W and Z bosons all arise from this
mechanism.

Higher-gauge defects

When the group is nonabelian (non-commutative), the obstruction becomes
richer. Instead of just a number, the holonomy around a loop is a group
element, and the obstruction on a surface is classified by a crossed-module
Cech class q ∈ H²(N, H → G). When q ≠ 0, it labels stable topological defects:
features that cannot be smoothed away by any local repair. Think of a knot in a
rope: you can slide it around, but you cannot undo it without cutting the rope.
Higher-gauge defects are like knots in the fabric of the screen's gauge data.

Gauge Symmetry = Implementation Hiding

Not all choices of local representation matter physically. If you relabel patch i's
internal states in a way that doesn't change the overlap data, physics is unchanged.
The collection of all such relabelings forms the gauge group Γ.
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Gauge symmetry

A gauge symmetry is a redundancy in how we describe physics. The voltage in
a circuit only matters as a difference between two points. You can add a
constant to all voltages without changing any current. That freedom to shift all
voltages is a gauge symmetry. In particle physics, gauge symmetry is
promoted to a local symmetry: you can make a different shift at every point in
space, as long as you introduce a "connection" field (a gauge boson) that
compensates for the varying shifts. Global gauge symmetry means the same
transformation everywhere; local gauge symmetry means the transformation
can vary from place to place. In OPH, gauge symmetry arises because the
internal labeling of screen registers is arbitrary: physics depends only on the
relationships between patches, and individual patches' internal bookkeeping is
unphysical.

• INPUT: A consistent state s and a gauge transformation γ

• WHAT THE MATH DOES: Relabels internal degrees of freedom: s ↦ γ · s

• OUTPUT: A physically equivalent state. The normal form respects this: nf(γ · s) =
γ · nf(s)

Physical uniqueness lives on the gauge quotient / Γ: the space of physically distinct
states.

Analogy: Two people write the same essay, one in English and one in French. The
content (physics) is the same; the language (gauge) is a choice of representation.
Gauge symmetry says physics doesn't care about the language.

Records and Law Selection

Two more pieces that complete the consensus picture:

Records on the observer-accessible algebra: Records live on the central
(commutative) subalgebra Z(AO) of each observer's algebra. At exact finite cutoff,
Born/Lüders conditioning reads and updates these central elements directly. For
practical (approximately commuting) projector readouts, explicit (ε, δrec) stability
bounds control how close the approximate record is to the exact one. These are the
stable, classical facts that survive decoherence, the layer of reality we experience
macroscopically.

Law selection via replicator dynamics: Define a "fitness" for each candidate law λ:
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f(λ) = a · RM(λ) + b · O(λ) - c · K(λ)

where a, b, and c are positive weighting coefficients, RM(λ) is the schedule-robustness
of law λ (how insensitive its predictions are to the order in which repairs run), O(λ) is
the observer yield (how many stable observer patches the law supports), and K(λ) is a
simplicity penalty (the description length of the law). Under replicator dynamics, mean
fitness never decreases. Better laws dominate. This is the dynamical underpinning of
MAR: the simplest consistent laws are the fittest.

What We've Learned

• Reality in OPH emerges as the unique fixed point of a consensus protocol

• Local repair maps are derived from OPH recovery dynamics, not posited
abstractly

• The inconsistency potential Φ is a Lyapunov functional: strict descent
guarantees termination

• Local confluence is derived from overlap-associative union-collar gluing

• Together these give objectivity via Newman's Lemma: the same endpoint
regardless of repair order

• Pairwise agreement does not guarantee global consistency: cycle holonomy
can obstruct it

• Nonvanishing holonomy gives rise to gauge fields (force carriers)

• Gauge symmetry = freedom to relabel local data without changing physics

• Law selection dynamics ensures the simplest consistent laws dominate

Chapter 5: Screen Microphysics: The Quantum
Screen
This chapter gets concrete. The OPH screen has a definite architecture: a pixelated
sphere with data stored on its links and vertices. The chapter describes that
architecture and shows how patches, overlaps, observers, and repair loops work in
practice. This is the physical foundation from which edge sectors (and particles)
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emerge.

The Reference Architecture

Picture a soccer ball (or any polyhedron inscribed in a sphere). That gives you a
cellulation of S²: a division of the sphere into faces, edges, and vertices.

• Faces are the polygonal tiles

• Edges are the boundaries between tiles

• Vertices are the corners where edges meet

Each oriented edge e carries a gauge register Hₑ ≅ CdG for some finite group G. Think
of each edge as a small computer register holding a group element. Selected vertices
also carry record qubits Hᵥrec: stable bits of information that encode measurement
outcomes.

Analogy: The screen is like a tiled bathroom wall. Each tile is a face, the grout lines are
edges, and the corners where grout lines meet are vertices. At this point, imagine that
each grout line has a tiny computer chip storing a number: that's the gauge register.
Some corners have little memory cards: those are the record qubits.

The Extended Hilbert Space

The total quantum state space of the screen is built by tensoring (combining) all the
individual registers. We denote it H_Γ (the tilde indicates it is the "raw" space before
gauge invariance is imposed, and Γ labels the cellulation):

H_Γ = ⊗e ∈ E Hₑ ⊗ ⊗v ∈ V Hᵥrec

Here E is the set of oriented edges in the cellulation, V is the set of vertices, Hₑ ≅ CdG

is the gauge register on edge e (with dG = |G| being the order of the gauge group),
and Hᵥrec is the record qubit at vertex v. The big ⊗ symbol denotes the tensor product
over the indicated set.
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Tensor product

The tensor product A ⊗ B of two systems combines them into a single larger
system. If A has m possible states and B has n possible states, then A ⊗ B has
m × n possible states. A ⊗ B contains not only "product states" (where each
part has a definite state independently) but also entangled states (where the
parts are correlated in ways that have no classical analog). Example: two coins
can each be heads or tails (2 states each), so the pair has 2 × 2 = 4 states: HH,
HT, TH, TT. But a quantum pair can also be in the entangled state
(1)/(√(2))(|HH⟩ + |TT⟩), which means "both heads or both tails, but we don't
know which until we look."

• INPUT: A cellulation Γ of the sphere with gauge group G

• WHAT THE MATH DOES: Takes the tensor product of all edge registers and
vertex record qubits

• OUTPUT: The full "raw" Hilbert space H_Γ before imposing gauge invariance

Worked Example: For an octahedral cellulation with G = Z₂:

• 12 edges, each carrying a qubit (C²): gives 2¹² = 4096 basis states from edges

• 9 record qubits: gives 2⁹ = 512 basis states from vertices

• Total extended Hilbert space dimension: 4096 × 512 = 2,097,152

That is over 2 million possible states: and this is the simplest nontrivial screen!

Gauss Projectors: Enforcing Local Gauge Invariance

Not all states in H_Γ are physical. At each vertex v, a Gauss projector Pᵥ filters out
unphysical configurations: those where the gauge data at neighboring edges doesn't
"balance" properly.

Hphys = (Πᵥ Pᵥ) H_Γ

Analogy: Imagine water flowing through a network of pipes. At each junction, the total
flow in must equal the total flow out (conservation of water). The Gauss projector
enforces this "flow conservation" at every vertex. States where water magically
appears or disappears at a junction are projected out: they are unphysical.
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From Registers to Patches and Overlaps

A patch P is a connected collection of faces, together with all their incident edges and
vertices. The patch algebra A(P) = A(P)G∂ P is the gauge-invariant part of the data on
that patch.

Overlapping patches share collar regions: thin strips of shared edges and vertices. In
these collars live edge-sector projectors Π_α, which decompose the shared data into
distinct charge sectors. The collar is the "communication channel" between patches,
and where all the interesting physics happens.

The Observer: An Operational Definition

In OPH, an observer is a concrete algebraic system described by a four-tuple:

O = (PO, A(PO), ρO, RO)

where PO is the observer's patch (a connected region on the screen), A(PO) is the
gauge-invariant algebra of measurements available on that patch, ρO is the observer's
local state (a density matrix on A(PO)), and RO is the set of record observables (the
observer's memory registers). This tuple must satisfy four conditions:

1. Patch access: The observer occupies a definite region PO
2. Record support: It has metastable record observables RO (stable memory):
these are approximately commuting projectors that encode measurement
outcomes

3. Update capability: It can update its records via the overlap API

4. Comparison capability: It can detect mismatch syndromes (inconsistencies with
neighbors) and persist long enough to complete the comparison

Analogy: An observer is like a scientist in a lab. They have a workspace (patch), lab
notebooks (records), instruments (update capability), and they can compare notes
with colleagues in adjacent labs (comparison via overlap). The key requirement is that
the lab notebooks are durable: results don't fade away before they can be compared.

The Overlap API and Mismatch Syndromes

When two patches P and Q overlap, the system runs a protocol:
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1. Readout: Extract packets of data from each patch

2. Compare: Compute the mismatch syndrome SPQ (how much do they disagree?)

3. Repair: Evaluate repair candidates against a lexicographic score LPQ and apply
the best one

4. Verify: Check that the inconsistency decreased

This is the concrete implementation of the consensus protocol from Chapter 4.

The Z₂ Pilot Build: A Toy Screen

To make all of this tangible, consider the simplest nontrivial example:

• Cellulation: An octahedron inscribed in S² (6 vertices, 12 edges, 8 faces)

• Gauge group: G = Z₂ = {0, 1}

• Edge registers: One qubit per edge = 12 qubits

• Record qubits: 9 additional qubits

The relevant operators are:

• Star operators Aᵥ = Πe v Xₑ (product of Pauli-X on all edges touching vertex v)

• Plaquette operators Bf = Πe ∈ f Zₑ (product of Pauli-Z around each face f)

The repair loop runs through stages: Lbulk → Lcheck → Lwrite → Lcompare → Lrepair →
Lverify.

This Z₂ model is exactly Kitaev's toric code on a sphere: one of the most studied
quantum error-correcting codes. The point: OPH's screen architecture, in its simplest
form, reduces to well-known physics.

The S₃ Extension: Nonabelian Gauge Data

The Z₂ model is abelian (the group elements commute). Real physics requires
nonabelian groups. The next step is the symmetric group S₃ (all permutations of three
objects), which has 6 elements and is the smallest nonabelian group.

With S₃, the edge registers become 6-dimensional (C⁶ instead of C²), the Gauss
projectors become more complex, and the edge sectors become richer. S₃ has three
irreducible representations (trivial, sign, and the standard 2-dimensional one),
illustrating how a nonabelian group produces multiple charge types.
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This illustrates a general principle: the more complex the gauge group, the richer the
spectrum of edge sectors, and thus the richer the particle content.

Heat-Kernel Edge Sectors

The weights assigned to different edge sectors follow a natural law called the
heat-kernel distribution:

pR(t) ∝ dR · exp(-t · C₂(R))

• dR is the dimension of representation R (how many internal states it has)

• C₂(R) is the quadratic Casimir of R (roughly, the "size" of the charge)

• t is a "temperature-like" parameter

Casimir operator

The Casimir operator C₂ is a special quantity that measures the "total charge
squared" of a representation. It is analogous to ℓ(ℓ+1) for angular momentum
in quantum mechanics: if you know the angular momentum quantum number ℓ,
the total angular momentum squared is ℓ(ℓ+1)ℏ². Similarly, each
representation R of a group has a definite Casimir C₂(R) that quantifies how
much charge it carries. Bigger representations have bigger Casimirs. In the
heat-kernel formula, the Casimir enters the exponential, so sectors with larger
charge are exponentially suppressed: nature overwhelmingly prefers smaller
charges.

Analogy: Think of balls of different sizes rolling on a surface with friction. Bigger balls
have more friction and slow down faster. The heat-kernel formula says that sectors
with larger charge are exponentially less likely: nature prefers smaller charges.
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What We've Learned

• The OPH screen is a cellulated sphere with gauge registers on edges and
record qubits on vertices

• The physical Hilbert space is the gauge-invariant subspace, enforced by
Gauss projectors

• Patches are connected regions; overlaps have collar regions with
edge-sector projectors

• An observer is a concrete system O = (PO, A(PO), ρO, RO) with patch access,
memory, and comparison capabilities

• The Z₂ pilot build reduces to Kitaev's toric code; the S₃ extension introduces
nonabelian structure

• Edge-sector weights follow the heat-kernel distribution, exponentially
suppressing large charges

Chapter 6: Edge Sectors: Where Charges Come
From
This chapter is where the bridge to particle physics begins. When you cut a region on
the screen along its boundary, you expose "edge modes": boundary degrees of
freedom that carry quantum numbers. These quantum numbers are the charges of
particle physics. The chapter explains how cutting produces charges and how those
charges combine.

From Screen Registers to Edge Sectors

In Chapter 5 we built the screen: a cellulated sphere with gauge registers on edges,
Gauss projectors at vertices, and record qubits. At this point, we extract the key
output that feeds into the gauge reconstruction of Chapter 8.

The bridge works as follows. Overlap consistency (Axiom 2) requires that where two
patches share a collar region, their data must agree. The Gauss projectors enforce
gauge invariance at every vertex in the collar. Together, these two constraints force
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the collar's Hilbert space to decompose into superselection sectors: blocks that cannot
mix under any gauge-invariant operation. These blocks are the edge sectors.

Concretely, the collar is a thin strip of edges and vertices shared by patches L and R.
The gauge registers on the collar's edges carry the raw data; the Gauss projectors at
the collar's vertices enforce "flow conservation" of gauge charge. The derived
boundary action (the restriction of the bulk Gauss law to the collar) then dictates
which combinations of edge register states are physical. The result is the
decomposition below.

How Cutting Produces Edge Modes

Imagine a piece of paper with a drawing on it. If you cut the paper along a line, the
two halves are no longer connected, but each half has a "raw edge" that remembers
how they used to be joined. Those raw edges carry information about the connection.

On the OPH screen, when you cut along the boundary of a region, the collar Hilbert
space decomposes:

Hcollar ≅ ⊕_α (HbL^α ⊗ HbR^α)

• INPUT: The collar (boundary strip) between two patches

• WHAT THE MATH DOES: Splits the collar's quantum states into sectors labeled
by α. In each sector, the left side (bL^α) and right side (bR^α) are entangled

• OUTPUT: A discrete set of labels α (edge sectors) with left-right factorized
spaces

The labels α are the edge sectors. They are the fundamental building blocks from
which particle charges will emerge.

Direct sum

A direct sum V ⊕ W means "either a state from V or a state from W, but they
live in separate sectors that don't mix." Think of it as having multiple
non-overlapping rooms in a building. A state in V ⊕ W is either in room V or in
room W, never both simultaneously. The direct sum contrasts with the tensor
product: V ⊗ W combines systems that coexist, while V ⊕ W separates systems
into alternatives. In the edge decomposition, the direct sum over sectors α
means the collar is in one definite charge sector at a time (once measured).
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Edge sectors

An edge sector is a charge label α that appears when you decompose the
boundary between two patches into irreducible pieces. Each sector represents
a distinct type of boundary charge. These labels correspond to the physical
charges that particles carry. The electron's electric charge, the quark's color
charge, the neutrino's weak isospin: all of these emerge as edge sectors from
the screen's boundary decomposition. Each edge sector α has a definite
dimension d_α (how many internal states it has) and Casimir C₂(α) (how "big"
the charge is).

Edge Sectors as Charges

Each sector α comes equipped with three pieces of data:

1. Dimension d_α: How many internal states the sector has. For example, a
quark's color charge has dimension 3 (red, green, blue).

2. Casimir C₂(α): The "size" of the charge (higher Casimir = heavier charge in the
heat-kernel weighting).

3. Fusion rules: How sectors combine when you merge boundaries. If sectors α
and β share a boundary, the combined sector is determined by fusion:

α ⊗ β = ⊕_γ Nαβ^γ γ

Fusion rules

Fusion rules tell you what happens when you combine two charges. Think of
mixing paint: red + blue = purple, red + yellow = orange. In particle physics:
combining a color charge (red) with an anti-color charge (anti-red) gives the
trivial (colorless) sector. The numbers Nαβ^γ count how many ways the
combination α ⊗ β can produce γ. Fusion rules are the "multiplication table" for
charges. They determine which particle reactions are allowed: if the fusion of
the incoming particles' charges does not contain the outgoing particles'
charges, the reaction is forbidden. This is why, for example, electric charge is
conserved in all reactions: the fusion rules of U(1) enforce it.

Toy Example: For G = Z₂, there are exactly two sectors: the trivial sector α = 0 (no
charge) and the nontrivial sector α = 1 (charged). The fusion rules are:
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• 0 ⊗ 0 = 0 (uncharged + uncharged = uncharged)

• 0 ⊗ 1 = 1 (uncharged + charged = charged)

• 1 ⊗ 1 = 0 (charged + charged = uncharged: they cancel out!)

This is just addition modulo 2. For larger groups, the fusion rules become richer and
encode the full structure of particle interactions.

The punchline: The collection of edge sectors, with their dimensions, Casimirs, and
fusion rules, contains exactly the data of a compact group's representation theory.
This is the mathematical DNA of particle physics.

Edge Sectors Form a Category

The edge sectors are more than a list: they form a mathematical structure called a
category, which is precisely what the Tannaka-Krein reconstruction theorem (Chapter
8) acts on.

• Objects are the individual edge sectors α, β, γ, …

• Morphisms (arrows between objects) are the fusion/splitting maps: if α ⊗ β
contains γ, there is a morphism from (α, β) to γ for each copy (counted by Nαβ^γ)

• Tensor product is the fusion operation ⊗ that combines two sectors

• Duals exist: every sector α has a conjugate α such that α ⊗ α contains the trivial
sector

• The trivial sector (identity object) corresponds to "no charge": the vacuum

This category, equipped with its tensor product, duals, and braiding (the order of
fusion doesn't matter), is called a symmetric tensor category. It is exactly the input
data that the Tannaka-Krein theorem requires to reconstruct a compact group.



32© 2026 Pragma Research learn.floatingpragma.io

What We've Learned

• Cutting the screen along a boundary exposes edge modes carrying quantum
numbers

• Edge sectors α are labeled by dimension, Casimir, and fusion rules

• The edge sectors form a symmetric tensor category (objects = sectors,
morphisms = fusion/splitting maps)

• This category is exactly the input for Tannaka-Krein reconstruction (Chapter
8)

• Edge sectors ARE the charges of particle physics

• Fusion rules determine which particle reactions are allowed

Chapter 7: Group Theory for Beginners
This chapter is a self-contained introduction to group theory, the mathematical
language of symmetry. It starts from scratch: what is a group? What are
representations? What are SU(2) and SU(3)? By the end, you will have all the tools
needed for the Standard Model derivation.

What Is a Group?

Group theory basics

A group is a set of elements with a "multiplication" rule satisfying four
properties: (1) Closure: multiplying two elements gives another element in the
set. (2) Associativity: (a · b) · c = a · (b · c). (3) Identity: there exists an element
e such that e · a = a · e = a for all a. (4) Inverse: every element a has an
inverse a⁻¹ such that a · a⁻¹ = e. Groups capture the essence of symmetry: the
rotations of a square form a group (4 elements), the rotations of a circle form a
group (infinitely many elements), and the permutations of n objects form a
group (n! elements).

Everyday examples:
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• Clock arithmetic Z₁₂: The numbers {0, 1, 2, …, 11} with addition modulo 12.
After 12, you wrap around: 10 + 5 = 3 (mod 12). The identity is 0; the inverse of 3
is 9 (since 3 + 9 = 12 = 0 mod 12).

• Rotations of a square: Four elements: rotate by 0, 90, 180, or 270 degrees. Two
rotations by 90 give a rotation by 180. This is the cyclic group Z₄.

• Permutations of three objects (S₃): All ways to rearrange three objects. There are
3! = 6 elements. This group is nonabelian: the order of operations matters
(swapping A,B then swapping B,C is different from swapping B,C then swapping
A,B).

What Are Representations?

Representations

A representation of a group G is a way of making G "act" on a vector space V
using matrices. Formally, it is a function ρ: G → GL(V) that preserves the group
structure: ρ(g₁ · g₂) = ρ(g₁) · ρ(g₂). The dimension of the representation is the
dimension of V. A representation is irreducible if it cannot be split into smaller
independent sub-representations. Representations are how abstract
symmetries manifest in physics: each particle species corresponds to an
irreducible representation of the gauge group.

Analogy: A group is like a recipe for symmetry operations. A representation is a
specific way to carry out those operations on a specific object. The rotation group can
act on a sphere (3D representation), on a circle in a plane (2D representation), or on a
single point that stays fixed (1D trivial representation). The group is abstract; the
representation makes it concrete.

Worked Example: The group Z₂ = {0, 1} has two irreducible representations:

• Trivial representation (dimension 1): Both elements act as the 1 × 1 identity
matrix: ρ(0) = [1], ρ(1) = [1]. Nothing changes.

• Sign representation (dimension 1): ρ(0) = [1], ρ(1) = [-1]. The nontrivial element
flips the sign.

The SU(N) Groups
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SU(N) groups

SU(N) is the group of all N × N unitary matrices with determinant 1. "Unitary"
means U^ U = I (the matrix times its conjugate transpose is the identity).
"Special" means det(U) = 1. SU(N) has N² - 1 real parameters (degrees of
freedom). Key examples:

SU(2) is the group of 2 × 2 special unitary matrices. It has 2² - 1 = 3
parameters, corresponding to 3 generators (like the three Pauli matrices).
Physically, SU(2) describes the weak nuclear force. Its fundamental
representation is a doublet (2-dimensional): the left-handed electron and
electron neutrino form an SU(2) doublet. SU(2) is intimately related to
rotations: it is the "double cover" of the 3D rotation group SO(3), meaning
every rotation corresponds to two SU(2) elements (rotation by 360 degrees
gives -I, not I).

SU(3) is the group of 3 × 3 special unitary matrices. It has 3² - 1 = 8
parameters, corresponding to 8 generators (the Gell-Mann matrices).
Physically, SU(3) describes the strong nuclear force (quantum
chromodynamics, QCD). Its fundamental representation is a triplet
(3-dimensional): the three colors of a quark (red, green, blue) form an SU(3)
triplet.

Real, Complex, and Pseudoreal Representations

This distinction is critical for the Standard Model derivation.
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Real, complex, pseudoreal representations

Every representation R has a conjugate representation R (obtained by
complex-conjugating all the matrices). The three types are:

• Real: R ≅ R via a symmetric intertwining map. Example: the 3-dimensional
(adjoint) representation of SU(2); the defining representation of SO(3).
Analogy: a ball is the same as its mirror image: you can superimpose them.

• Complex: R ≅ R: the representation is genuinely different from its conjugate.
Example: the fundamental 3 of SU(3) vs. the anti-fundamental 3. Analogy:
left and right shoes: they are related but NOT identical. You cannot turn a left
shoe into a right shoe without a mirror.

• Pseudoreal: R ≅ R, but only via an antisymmetric intertwining map. Example:
the fundamental 2 of SU(2). Analogy: a glove that can fit either hand, but
only by turning it inside out: the identification exists but is "twisted."

The physical significance: chirality (left-right asymmetry) in the weak force
requires a pseudoreal representation. Distinguishing quarks from antiquarks
requires a complex representation. The Standard Model needs BOTH.

Chirality

Chirality ("handedness") means that left-handed and right-handed particles
behave differently under the weak force. Your left hand and right hand are
mirror images but not identical: you cannot superimpose them. Similarly, a
left-handed electron interacts with the W boson, but a right-handed electron
does not. This left-right asymmetry is one of the sharpest features of nature.
Mathematically, chirality is related to how particles transform under the Lorentz
group: left-handed and right-handed spinors transform under different
representations. In the Standard Model, left-handed particles form SU(2)
doublets while right-handed particles are SU(2) singlets.
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Chiral vs. vector-like mass terms

A vector-like (or Dirac) mass term has the form m ψL ψR + m ψR ψL, where ψL
and ψR transform in the same gauge representation. This term is automatically
gauge-invariant and can be written down directly: no Higgs mechanism
needed. An example: if both the left-handed and right-handed electron were
SU(2) singlets with the same hypercharge, they could have a vector-like mass.

A chiral mass term would need ψL and ψR to be in different gauge
representations (as they are in the actual Standard Model: ψL is an SU(2)
doublet, ψR is a singlet). Such a term m ψL ψR is not gauge-invariant by itself: it
would break SU(2) symmetry explicitly. This is why chiral fermions are
massless before the Higgs mechanism: their mass is forbidden by gauge
invariance. Only after the Higgs field acquires a vacuum expectation value can
the Yukawa coupling y ψL H ψR generate an effective mass m = y v / √(2). This
is why the Higgs mechanism is essential: and why the weak force must involve
a pseudoreal representation (to create the left-right asymmetry that makes
masses chiral).

Peter-Weyl decomposition

The Peter-Weyl theorem is a fundamental result that says: any function on a
compact group G can be decomposed into a sum of matrix elements of
irreducible representations, just as any periodic function can be decomposed
into sines and cosines (Fourier series). In OPH, the Peter-Weyl decomposition is
what allows the screen's gauge-invariant Hilbert space to be organized into
edge sectors: each sector corresponds to one irreducible representation of the
gauge group. Think of it as the "spectral decomposition" of the group: just as
white light splits into a rainbow of colors through a prism, the group's structure
splits into a spectrum of representations through the Peter-Weyl theorem.
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Representation dimension dR

The dimension of a representation R is simply the size of the matrices used to
represent the group elements. If R maps each group element to an n × n
matrix, then dR = n. Physically, dR counts the number of internal states a
particle in representation R can have. For example: a quark in the fundamental
3 of SU(3) has dR = 3 internal states (red, green, blue); an electron in the trivial
1 of SU(3) has dR = 1 (no color). The dimension appears in the heat-kernel
weight pR ∝ dR exp(-t · C₂(R)): higher-dimensional representations are slightly
favored by the dR prefactor but exponentially suppressed by the Casimir term.

Quadratic Casimir C₂(R)

The quadratic Casimir C₂(R) measures the "total charge squared" of a
representation: it is the energy cost of carrying that charge. Formally, C₂(R) =
Σₐ (Tᵃ)² where Tᵃ are the generators in representation R. For SU(N): the
fundamental has C₂ = (N²-1)/(2N), the adjoint has C₂ = N. Physically, a larger
Casimir means the representation interacts more strongly with the gauge field.
In the heat-kernel formula, the Casimir enters the exponential suppression
exp(-t · C₂(R)), so representations with larger charge are exponentially rarer:
nature strongly prefers particles with small charges.

Key Group Theory Facts We Will Use

For reference, here are the facts about SU(N) representations that will matter:

Group Fundamental
rep

Dimension Type Number of
generators

SU(2) 2 (doublet) 2 Pseudoreal 3

SU(3) 3 (triplet) 3 Complex 8

U(1) charge q 1 Complex (if q ≠
0)

1
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What We've Learned

• A group is a set with a multiplication rule satisfying closure, associativity,
identity, and inverse

• A representation makes a group act on a vector space via matrices

• SU(N) is the group of N × N special unitary matrices with N² - 1 parameters

• Representations come in three types: real, complex, and pseudoreal

• The Standard Model needs both pseudoreal (SU(2) doublet) and complex
(SU(3) triplet) representations

• Chirality (left-right asymmetry) is a fundamental feature of the weak force

Chapter 8: Compact Gauge Reconstruction: From
Edges to Symmetry Groups
This chapter answers the question: given a collection of edge sectors that look like the
representations of some group, which group is it? The mathematical structure of edge
sectors uniquely determines a compact group G. This is one of the deepest results in
the derivation: abstract consistency conditions become concrete particle physics.

The Key Idea: Tannaka-Krein Reconstruction

There is a theorem from pure mathematics, developed by Tannaka (1938), Krein
(1949), and Doplicher-Roberts (1989--1990):
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Tannaka-Krein reconstruction

If you have a collection of "objects" (sectors) equipped with:

• Tensor products (fusion rules for combining sectors)

• Duals (every sector has an "anti-sector")

• A symmetric braiding (the order of combination doesn't matter: α ⊗ β ≅ β ⊗
α)

• A fiber functor (a consistent way to map every sector to an ordinary vector
space)

then there exists a unique compact group G such that the sectors are EXACTLY
the representations of G.

You never need to "see" the group directly. If you can observe its
representations, the patterns of charges and how they combine, the group is
completely determined. It is like identifying a cookie cutter solely from the
shapes of the cookies it produces.

What are "fusion rules"? Fusion rules tell you what happens when you combine
two sectors. If you take a sector of type α and combine it with a sector of type
β, the fusion rules tell you which sectors γ can result. For example, combining
two spin-1/2 particles gives either spin-0 or spin-1. The "fusion rule" is: (1)/(2)
⊗ (1)/(2) = 0 ⊕ 1. In the OPH context, these rules describe what happens when
two edge charges merge at a vertex. The fusion rules are determined by the
Gauss projectors and the collar decomposition from the screen architecture.

What is a "dual"? The dual (or "anti-sector") of a charge is the charge that can
annihilate with it to produce the trivial (chargeless) sector. For electric charge:
the dual of +1 is -1, because +1 + (-1) = 0 (charge cancels). For color charge:
the anti-red charge cancels with red to give "colorless." In the mathematical
framework, every representation α has a conjugate representation α, and α ⊗ α
always contains the trivial representation.
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Fiber functor

A fiber functor is a mathematical bridge that connects the abstract world of
sectors (with their fusion rules and braiding) to the concrete world of ordinary
vector spaces. It assigns to each sector α a vector space F(α) = Cd_α and to
each fusion rule a corresponding linear map between vector spaces, in a way
that preserves all the algebraic structure. The fiber functor is what allows the
Tannaka-Krein theorem to work: without it, you could have exotic "quantum
groups" instead of ordinary compact groups. In OPH, the fiber functor is
provided by the embedding of edge sectors into the screen's Hilbert space:
each sector maps to a concrete subspace of the physical Hilbert space. Think of
the fiber functor as a "dictionary" that translates abstract charge labels into
concrete vector spaces. It says "sector α corresponds to the vector space Cd_α,"
and it does this in a way that respects all the fusion rules: if α ⊗ β = γ, then the
vector spaces multiply accordingly. Without this dictionary, you would have an
abstract algebraic structure that might not correspond to any ordinary group of
matrices.

Analogy: Imagine you find a set of puzzle pieces with specific shapes and colors, along
with rules for how they fit together (you can combine piece A and piece B to get
pieces C or D, etc.). The Tannaka-Krein theorem says: there is exactly ONE puzzle box
(group) that could have produced these pieces. You can reconstruct the box from the
pieces alone, without ever seeing the box.

What OPH Provides

The OPH axioms, together with the screen microphysics, deliver exactly the
mathematical ingredients needed for the reconstruction theorem. Specifically, the
derivation requires four key ingredients beyond the axioms:

• Vanishing transport obstruction [z] = 0: edge sectors can be moved around the
screen without picking up topological obstructions

• Symmetric braiding: the order of combining sectors doesn't matter

• Fiber functor: sectors map consistently to vector spaces

• Refinement stability: the sector structure is stable as you refine the cellulation
(make the mesh finer)

Each of these premises requires careful scrutiny. They are motivated by the axioms
and screen architecture, but they are not trivially implied: each carries assumptions
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that must be derived.

Vanishing transport obstruction ([z] = 0). Edge charges must be transportable:
you can move a charge around any closed loop on the screen without picking
up a topological obstruction. Without this, gauge symmetry would be merely a
local labeling freedom; charges could exist locally but could not be compared
across distant regions of the screen, and the global gauge group would be
undefined. This follows from the collar Markov property plus the simple
connectivity of the sphere (π₁(S²) = 0).

DHR transportable

"DHR" stands for Doplicher-Haag-Roberts, the physicists who formalized
superselection sectors in algebraic quantum field theory. A sector is DHR
transportable if the charge it represents can be "moved" from one region to
another without changing the physics. Concretely: if you have an excitation (a
charge) localized in region A, and you want to move it to region B, a
DHR-transportable sector means there exists a unitary operation that relocates
the charge while acting trivially far away. Think of sliding a bead along a wire:
the bead moves, the wire stays put. Not all charges are transportable in this
sense; some may be pinned to topological features of the space. The transport
assumption asserts that on the OPH screen, all physically relevant sectors are
transportable.

Symmetric braiding. When two edge sectors are combined (fused), the result
must not depend on the order: α ⊗ β ≅ β ⊗ α, and the braiding isomorphism
must square to the identity (symmetric, not a braid). The Tannaka-Krein
theorem requires symmetric braiding to reconstruct an ordinary compact
group: without it, the reconstruction would yield a quantum group or fermionic
statistics, inconsistent with the bosonic gauge field structure. In 3+1 spacetime
dimensions, the spin-statistics theorem forces this, so it follows from OPH's
effective 3+1D spacetime structure (derived in Textbook 01).
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Fiber functor (Tannakian structure). There must exist a faithful exact monoidal
functor from the edge-sector category to finite-dimensional complex vector
spaces: meaning every sector can be consistently mapped to an ordinary
vector space Cd_α in a way that respects fusion. ("Monoidal" means the
mapping respects how sectors combine; "exact" means no information is lost
or created in translation.) Without this, the reconstruction could yield a
supergroup rather than an ordinary compact Lie group. The screen's Hilbert
space embedding naturally provides a candidate (each sector embeds as a
concrete subspace), and this embedding extends naturally across refinement
levels.

Refinement stability (directed colimit). The full edge-sector category must be
the directed colimit of transportable sectors taken over all cellulation
refinements. In plain language: as you make the mesh finer and finer, the
sectors at each level must be compatible, and the "limit" of this increasingly
fine tower must be well-defined. Without this, the reconstructed group G might
change at each refinement level, and no single gauge group would be defined.
The collar Markov property and overlap consistency constrain how sectors
transform under refinement, and the refinement maps preserve sector
structure by construction.

Sector colimit (directed colimit)

A directed colimit is a way of taking a "limit" of a sequence of increasingly
refined mathematical objects. Imagine a sequence of photographs of a
landscape, each taken with a higher-resolution camera: 1 megapixel, 4
megapixels, 16 megapixels, and so on. Each photo contains all the detail of the
previous ones, plus more. The directed colimit is like the "infinite resolution"
limit: the idealized perfect photograph that all the finite-resolution versions are
approximating. For edge sectors: at each cellulation level, you have a category
of sectors. As you refine the cellulation, you get a richer category that contains
the previous one. The directed colimit is the "ultimate" category that all finite
levels are approximating. The refinement stability condition asserts this limit
exists and is well-behaved.

The Output
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• INPUT: The category of refinement-stable, transportable edge sectors (from
Axioms 1--4 plus the four premises above)

• WHAT THE MATH DOES: Applies the Tannaka-Krein reconstruction theorem

• OUTPUT: A unique compact group G (up to isomorphism) such that the
edge-sector category equals Rep(G): the representation category of G

Isomorphism. Two mathematical objects are isomorphic if they have exactly
the same structure, even if they look different on the surface. Think of two
identical houses built from different brands of bricks: the floor plan, room sizes,
and connections are all the same; only the labels on the bricks differ. When we
say the group G is "unique up to isomorphism," we mean there is only one
group that works: any other group that satisfies the same conditions is a
relabeled copy of the same structure.

This is a structural theorem: the gauge group exists and is unique. The next four
chapters determine which group it is.

Result: A compact gauge group G exists and is uniquely determined by the
edge-sector category. The identity of G requires MAR.

Why the Reconstruction Alone Does Not Give the Standard
Model

The Tannaka-Krein theorem says: "your edge sectors are the representations of some
compact group G." But there are infinitely many compact groups: SU(5), SO(10), E₈,
SU(3) × SU(2) × U(1), or any of countless others: that could in principle serve as G.
The reconstruction theorem does not select among them; it only guarantees that one
exists.

To determine which G nature uses, we need two additional ingredients:

1. Admissibility conditions (Chapters 9--13): physical consistency requirements
that rule out most candidates. These include the need for both pseudoreal and
complex representations (ruling out simple groups), anomaly cancellation
(constraining matter content), and asymptotic freedom (bounding the number of
generations).

2. MAR (Minimal Admissible Realization): among all groups that pass the
admissibility filter, nature picks the one with the smallest complexity vector. This
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is the selection principle that drives G from "some compact group" all the way to
the specific Standard Model group.

The logical flow is: Tannaka-Krein (some G exists) → Admissibility (filter to a finite set
of candidates) → MAR (select the unique minimum).

What We've Learned

• The Tannaka-Krein theorem reconstructs a unique compact group from a
collection of sectors with fusion rules, duals, braiding, and a fiber functor

• OPH's screen architecture provides exactly these ingredients (transport,
braiding, fiber functor, refinement stability)

• Result: A compact gauge group G exists and is unique up to isomorphism

• The identity of G is determined by MAR (next chapters)

Chapter 9: Why a Product Group? Two Types of
Charge
This chapter addresses whether the compact group G is "simple" (like SU(5), the basis
of Grand Unified Theories) or a product of smaller groups. G MUST be a product, and
this fact has direct physical consequences.

Two Types of Charge Are Needed

The admissibility conditions (specifically, condition (iii): refinement stability with light
chiral matter) require that the gauge group support two distinct types of
representations simultaneously:

1. A pseudoreal representation (needed for the weak interaction: where left and
right are different)

2. A complex representation (needed for the strong interaction: where particles
and antiparticles are distinguishable)
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We explained these representation types in Chapter 7. At this point, we see why both
are physically necessary.

Why a Single Simple Group Fails

A simple group is one that cannot be broken into smaller pieces (it has no nontrivial
normal subgroups). Grand Unified Theories (GUTs) like SU(5) or SO(10) are based on
simple groups. Could a single simple group provide both a pseudoreal and a complex
representation?

The answer is no. The precise reason: the fundamental representation of any simple
Lie group has a single, fixed character: it is either real, complex, or pseudoreal, but
never two of these at once. A pseudoreal fundamental (like SU(2)'s 2) cannot
simultaneously be complex, and a complex fundamental (like SU(3)'s 3) cannot
simultaneously be pseudoreal. You might hope that a larger simple group (like SU(5))
could provide different representations of different types. But the admissibility
requirement is more demanding: the matter fields must include a representation that
is simultaneously pseudoreal under one factor and complex under another, acting on
the same carrier space (this is what makes the weak and strong forces act on the
same quarks). No single simple group can produce this coupled pseudoreal-complex
structure in a way that satisfies all the anomaly and chiral matter constraints.

Therefore: G must be a product of at least two nonabelian factors: one providing the
pseudoreal representation and one providing the complex representation.

This rules out all Grand Unified Theories based on simple groups. The Standard
Model's product structure SU(3) × SU(2) × U(1) IS the fundamental structure.

The Coupled Carrier Dimension

MAR minimizes the coupled edge capacity χcpl: the dimension of the smallest unitary
carrier space where BOTH charge types (pseudoreal and complex) act nontrivially on
a common block.

This is a precise version of "simplest possible." The key word is coupled: the two
factors must share a common carrier, not just coexist as disconnected summands.

Worked Example:
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The minimal pseudoreal irreducible representation (irrep) is the 2 of SU(2): a
2-dimensional space.

The minimal complex irrep is the 3 of SU(3): a 3-dimensional space.

Option A (Coupled: tensor product): 3 ⊗ 2 = C³ ⊗ C², which has dimension 3 × 2 = 6.
Both factors act nontrivially on the full space. This is like a 3-by-2 grid where one
symmetry permutes the rows and another permutes the columns.

Option B (Uncoupled: direct sum): C³ ⊕ C², which has dimension 3 + 2 = 5. But here
SU(3) acts only on the first summand and SU(2) only on the second: they are
disconnected. This is a block-diagonal structure: SU(3) acts trivially on the C² block,
and SU(2) acts trivially on the C³ block. MAR doesn't count this because the factors are
not coupled: no single state in C³ ⊕ C² transforms nontrivially under both SU(3) and
SU(2) simultaneously.

So χcpl = 6, not 5. The uncoupled dimension 5 is a red herring: it does not represent a
genuinely coupled carrier. The coupled carrier dimension is 3 × 2 = 6, and this is the
number MAR seeks to minimize.

Why must they be coupled? The coupling is physically essential. A left-handed quark
carries BOTH a color charge (from SU(3)) AND a weak isospin charge (from SU(2))
simultaneously. If the two charges were decoupled, there would be no interaction
between the strong and weak forces at the particle level: quarks would either have
color OR weak charge, never both. The tensor product C³ ⊗ C² ensures that a single
particle can carry both charges at once.

What We've Learned

• The gauge group must support both pseudoreal and complex
representations

• No single simple group can provide both simultaneously: ruling out GUTs

• Therefore G must be a product of at least two nonabelian factors

• MAR minimizes the coupled carrier dimension χcpl

• The minimal coupled carrier has dimension 2 × 3 = 6
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Chapter 10: The Factors: SU(3), SU(2), and U(1)
This chapter identifies the specific factors of the product group. G is a product group
and the minimal coupled carrier has dimension 6. Each factor (SU(3), SU(2), and U(1))
is pinned down by a tight mathematical argument with no wiggle room.

SU(2) from the Pseudoreal Doublet

We need a compact group with a faithful (nothing acts trivially) 2-dimensional
pseudoreal representation.

• Any faithful 2D representation lives inside U(2)

• The pseudoreal condition (V ≅ V via an antisymmetric map) selects exactly
SU(2) from within U(2)

• No other compact group has a faithful 2D pseudoreal representation

OUTPUT: The pseudoreal factor is SU(2). There is no alternative.

SU(3) from the Complex Triplet

We need a compact group with a faithful irreducible complex 3-dimensional
representation.

• Both SU(3) and SO(3) have 3D fundamental representations

• But SO(3)'s 3D representation is real (it equals its conjugate), not complex

• Only SU(3)'s fundamental 3 is genuinely complex (3 ≅ 3)

OUTPUT: The complex factor is SU(3). Again, no alternative.

One U(1) Factor

Admissibility condition (iv) requires exactly one connected abelian charge factor for
the Higgs mechanism to give masses to the W and Z bosons while keeping the photon
massless.
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Hypercharge

Hypercharge Y is the U(1) quantum number in the Standard Model. It is related
to electric charge Q and the third component of weak isospin T₃ by the formula
Q = T₃ + Y. For example, the left-handed up quark has T₃ = +1/2 and Y = 1/6,
giving electric charge Q = 1/2 + 1/6 = 2/3. Hypercharge is the "raw" charge
before electroweak symmetry breaking mixes it with weak isospin to produce
the familiar electric charge. Different particles have different hypercharges,
and these values are not free parameters: they are uniquely fixed by anomaly
cancellation.

Connected compact abelian Lie groups are tori: products of circles U(1) × U(1) × ·s.
The commutant argument (below) shows that only a single circle fits.

Nothing Else: The Commutant Argument

The maximal compact subgroup acting on the coupled carrier V = C³ ⊗ C² (with
commuting actions of the two nonabelian factors) is:

S(U(3) × U(2)) ≅ (SU(3) × SU(2) × U(1))/(Z₆)

Here S(U(3) × U(2)) denotes the subgroup of U(6) consisting of block-diagonal unitary
matrices diag(A, B) with A ∈ U(3), B ∈ U(2), and det(A)det(B) = 1. The Z₆ quotient
arises because certain combinations of center elements in SU(3), SU(2), and U(1) act
identically on V (this will be made explicit in Chapter 13).

Commutant

The commutant of a set of matrices is the collection of all matrices that
commute with every matrix in the set. If A and B commute (AB = BA), they can
be simultaneously diagonalized: they represent "independent" physical
quantities. The commutant of SU(3) × SU(2) inside U(6) asks: "What else can
act on C⁶ while commuting with both SU(3) and SU(2)?" The answer is exactly
U(1): nothing more. This is a consequence of Schur's lemma: if both SU(3) and
SU(2) act irreducibly on their respective factors, the only matrices commuting
with both are scalar multiples of the identity on each factor, which amounts to
a single U(1) phase.

• INPUT: Coupled carrier V = C³ ⊗ C², dimension 6
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• WHAT THE MATH DOES: Find the maximal compact subgroup with commuting
nonabelian factors + one abelian factor

• OUTPUT: Gconnected = SU(3) × SU(2) × U(1)

Analogy: Imagine a 6-seat conference table arranged as a 3-row by 2-column grid.
One boss controls the rows (SU(3)), another controls the columns (SU(2)). Is there
room for a third independent symmetry? Yes: exactly one: an overall phase rotation
that affects all seats equally (U(1)). But there's no room for anything bigger without
rearranging the table (increasing χcpl).

What We've Learned

• SU(2) is the unique source of the pseudoreal doublet (weak interaction)

• SU(3) is the unique source of the complex triplet (strong interaction / color)

• Exactly one U(1) factor fits (electromagnetism / hypercharge)

• The commutant argument proves no additional factors can exist without
violating minimality

• Result: Gconnected = SU(3) × SU(2) × U(1)

Chapter 11: Three Generations: CP Violation +
Asymptotic Freedom + MAR
This chapter derives the number of generations. The electron, muon, and tau are
three generations of the same particle. Why three and not two or seventeen? Two
physical constraints plus MAR give Ng = 3.

CP Violation Requires Ng ≥ 3
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CP violation

C = charge conjugation (swap particles with antiparticles). P = parity (swap left
with right, like looking in a mirror). CP violation means that the laws of physics
change when you simultaneously swap particles/antiparticles AND left/right.
Without CP violation, the Big Bang would have produced exactly equal amounts
of matter and antimatter, which would have annihilated completely: no stars,
no planets, no us. CP violation is literally why you exist. It was first observed in
1964 in the decays of neutral kaons and earned James Cronin and Val Fitch the
Nobel Prize.

CKM matrix

The Cabibbo-Kobayashi-Maskawa (CKM) matrix describes how quarks of
different generations mix when they interact via the weak force. An up quark
can decay not just to a down quark, but also (with smaller probability) to a
strange or bottom quark. The CKM matrix is an Ng × Ng unitary matrix that
encodes all these mixing probabilities. Its off-diagonal elements tell you the
probability of cross-generation transitions. The key physical content is in its
irreducible phases: real parameters can be absorbed by redefining fields, but
complex phases cannot: and it is these phases that produce CP violation.

The number of CP-violating phases in an Ng × Ng CKM matrix is:

nCP = ((Ng - 1)(Ng - 2))/(2)

Where does this formula come from? An Ng × Ng unitary matrix has Ng² real
parameters. Of these, Ng(Ng - 1)/2 are real mixing angles (like rotation angles) and
Ng(Ng + 1)/2 are phases. But not all phases are physical: you can absorb 2Ng - 1
phases by redefining the quark fields (each of the 2Ng quark fields can absorb one
phase, minus one overall phase that drops out). The number of irremovable (physical)
phases is therefore Ng(Ng + 1)/2 - (2Ng - 1) = (Ng - 1)(Ng - 2)/2. These irremovable
phases are the ones that produce CP violation.

Worked Calculation:

Ng nCP = ((Ng-1)(Ng-2))/(2) CP violation?

1 (0 · (-1))/(2) = 0 No: EXCLUDED
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2 (1 · 0)/(2) = 0 No: EXCLUDED

3 (2 · 1)/(2) = 1 Yes! (exactly 1 phase)

4 (3 · 2)/(2) = 3 Yes (3 phases)

5 (4 · 3)/(2) = 6 Yes (6 phases)

So Ng ≥ 3 is required. With 1 or 2 generations, the CKM matrix has no CP-violating
phases, contradicting the observed matter-antimatter asymmetry (and the
admissibility condition requiring CP violation).

Asymptotic Freedom Requires Ng ≤ 5

Asymptotic freedom

Asymptotic freedom means that the strong force gets WEAKER at short
distances (high energies). This is the opposite of electromagnetism, which gets
stronger at short distances. Asymptotic freedom is essential for two reasons:
(1) It allows quarks inside protons to behave almost freely at very high
energies, explaining the results of deep inelastic scattering experiments. (2) It
ensures quark confinement at low energies: quarks are permanently trapped
inside protons and neutrons, which is why you never see a free quark. Without
asymptotic freedom, the strong force would not confine quarks, and matter as
we know it would not exist. David Gross, David Politzer, and Frank Wilczek
received the Nobel Prize for this discovery in 2004.
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Beta function

The beta function β(g) tells you how a coupling constant g (the strength of a
force) changes with energy scale μ: μ (dg)/(dμ) = β(g). At one-loop
approximation, β(g) ≈ -b · g³ / (16π²), where b is the one-loop coefficient. If b >
0, the coupling decreases at high energies (asymptotic freedom). If b < 0, the
coupling increases (like electromagnetism). The coefficient b depends on the
gauge group and on how many matter fields (quarks, leptons) are present.
More matter fields push b toward negative values, eventually destroying
asymptotic freedom.

Why b > 0 means asymptotic freedom: The beta function equation says μ
(dg)/(dμ) = -b · g³ / (16π²). When b > 0, the right-hand side is negative (since g³
> 0), which means g decreases as μ increases (as you go to higher energies).
The force gets weaker at short distances. This is asymptotic freedom. When b
< 0, the coupling increases at high energies: eventually hitting a Landau pole,
an energy scale where the coupling formally diverges to infinity and the theory
breaks down. A theory with a Landau pole is not UV completable: it cannot be
valid up to arbitrarily high energies and must be replaced by a more
fundamental theory at the Landau pole scale.

One-loop

In quantum field theory, calculations are organized as a series of increasingly
complex corrections: tree level (no loops), one-loop, two-loop, etc. Each "loop"
corresponds to a virtual particle circulating in a closed path inside a Feynman
diagram. Tree-level calculations capture the classical physics. One-loop
calculations capture the leading quantum corrections: the first place where
quantum effects like asymptotic freedom show up. Higher loops give
increasingly small corrections. The "one-loop beta function coefficient" is the
leading quantum correction to how a force's strength runs with energy. It is the
dominant term and is usually sufficient for the qualitative physics (like whether
asymptotic freedom holds or not).

The SU(2)L one-loop beta function coefficient with one Higgs doublet is:

bSU(2) = (22)/(3) - (Ng(Nc + 1))/(3) - (1)/(6)

Asymptotic freedom requires b > 0:
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(22)/(3) - (1)/(6) > (Ng(Nc + 1))/(3)

(43)/(6) > (Ng(Nc + 1))/(3)

Ng(Nc + 1) < (43)/(2) = 21.5

With Nc ≥ 3 (note: this is not circular. We need only a lower bound Nc ≥ 3 here, which
follows from the fact that SU(Nc) must be a nontrivial complex factor: Nc = 1 is trivial
and Nc = 2 gives only pseudoreal representations. The exact value Nc = 3 is
determined later in Chapter 12, using the already-fixed Ng = 3):

4 · Ng < 21.5 ⟹ Ng < 5.375 ⟹ Ng ≤ 5

MAR Selects Ng = 3

At this point Ng ∈ {3, 4, 5}. MAR's complexity vector includes Ng in its fourth slot.
Lexicographic minimization picks the smallest value:

• INPUT: Admissible generation counts {3, 4, 5}

• WHAT THE MATH DOES: MAR selects the lexicographically minimal complexity
vector

• OUTPUT: Ng = 3

Analogy: You're packing for a trip. You need at least 3 shirts (to have enough variety
for CP violation), but your suitcase fits at most 5 (otherwise you lose asymptotic
freedom). Occam's Razor (MAR) says: pack exactly 3.

What We've Learned

• CP violation requires Ng ≥ 3 (the CKM matrix has zero CP-violating phases for
Ng < 3)

• Asymptotic freedom requires Ng ≤ 5 (too many generations would prevent
quark confinement)

• MAR selects the minimum: Ng = 3

• This explains why nature has exactly three copies of quarks and leptons
(electron/muon/tau families)
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Chapter 12: Three Colors: Witten Anomaly + MAR
This chapter determines Nc, the number of colors: the charge of the strong force. Why
do quarks come in three colors (red, green, blue) and not five or seven?

The logical order matters here. The generation count Ng = 3 was derived in Chapter
11 using the CP violation bound (Ng ≥ 3), the asymptotic freedom bound (Ng ≤ 5), and
MAR. That derivation used Nc ≥ 3 only as a loose bound (and the asymptotic freedom
inequality Ng(Nc + 1) < 21.5 is satisfied for all Nc ≥ 3 when Ng = 3). In the other
direction: the value Ng = 3 feeds into the Witten anomaly constraint to pin down Nc.
This sequential logic: Ng first, then Nc: is essential; reversing the order would create a
circular argument.

The Witten Anomaly

Anomalies

A gauge anomaly is a mathematical inconsistency that arises when quantum
effects break a classical gauge symmetry. Classical physics might respect a
symmetry, but when you include quantum corrections (loop diagrams in
Feynman's approach), the symmetry can fail. If a gauge anomaly is present,
the theory is fatally sick: it makes nonsensical predictions like negative
probabilities or non-unitary time evolution. So anomaly cancellation is not
optional; it is a hard constraint that any viable theory must satisfy. There are
several types: perturbative anomalies (which show up in triangle diagrams),
global anomalies (Witten's SU(2) anomaly), and mixed anomalies (involving
gravity). ALL must cancel.
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Types of anomalies

There are several kinds of gauge anomalies, each detected differently:

• Perturbative (ABJ) anomalies: Named after Adler, Bell, and Jackiw, these arise
from triangle Feynman diagrams where three gauge bosons meet at a
fermion loop. The condition Tr[Tᵃ {Tᵇ, Tc}] = 0 (summed over all fermions)
must hold for every combination of gauge generators. If it fails, the quantum
theory produces inconsistent probabilities. The SU(3)² U(1) and U(1)³
anomaly checks in Chapter 13 are ABJ anomalies.

• Global (Witten) anomaly: Unlike ABJ anomalies, this cannot be seen in any
Feynman diagram: it is a topological obstruction related to the global
structure of the gauge group. It shows up as a sign ambiguity in the fermion
path integral when you perform a "large" gauge transformation (one that
cannot be continuously deformed to the identity).

• Dai-Freed anomalies: A modern generalization that subsumes both
perturbative and global anomalies. Instead of checking individual Feynman
diagrams or homotopy groups, one computes a bordism invariant: a
topological quantity that detects whether the fermion partition function is
consistently defined on all possible spacetime manifolds. The Dai-Freed
framework is the most complete anomaly check available and confirms that
the Standard Model (with its specific Z₆ quotient) is fully anomaly-free. In
OPH, the Dai-Freed check ensures that the reconstructed gauge theory is
globally well-defined on the screen.

Edward Witten discovered a subtle anomaly specific to SU(2): the global SU(2)
anomaly. Unlike perturbative anomalies that show up in Feynman diagrams, this one
is topological: it comes from the fact that π₄(SU(2)) = Z₂. The constraint is simple: the
total number of SU(2) doublets (fundamental representations) in the theory must be
even.

With Ng = 3 generations, the total number of SU(2) doublets is:

Ndoublets = Ng · (Nc + 1) = 3 · (Nc + 1)

(Each generation contributes one quark doublet per color, plus one lepton doublet,
giving Nc + 1 doublets per generation.)

Witten's constraint requires Ndoublets ≡ 0 ±od2:
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3 · (Nc + 1) ≡ 0 ±od2

Since 3 is odd, we need (Nc + 1) to be even, which means:

Nc must be odd

Worked Check:

Nc Nc + 1 3(Nc + 1) Even? Result

1 2 6 Yes But SU(1) is
trivial: excluded

2 3 9 No EXCLUDED by
Witten

3 4 12 Yes Passes!

4 5 15 No EXCLUDED by
Witten

5 6 18 Yes Passes

Nc = 1 Fails

SU(1) is the trivial group: it has only one element (the identity). There is no color
dynamics, no confinement, and no complex nonabelian charge. This contradicts the
requirement for a complex representation from Chapter 9.

MAR Selects Nc = 3

The surviving candidates are Nc ∈ {3, 5, 7, …}. The coupled carrier dimension is:

χcpl = 2 · Nc

(Two from SU(2) times Nc from SU(Nc).)

MAR minimizes χcpl:

• INPUT: Admissible color numbers {3, 5, 7, …}
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• WHAT THE MATH DOES: χcpl = 2Nc, minimize over admissible Nc
• OUTPUT: Nc = 3, giving χcpl = 6

Analogy: Think of a veto system at a hiring committee. Nature wants the simplest
color scheme (Nc = 1), but the anomaly constraint vetoes all even values and the
triviality constraint vetoes Nc = 1. The first candidate that passes all vetoes is Nc = 3.

What We've Learned

• Witten's global SU(2) anomaly requires an even number of SU(2) doublets

• With 3 generations, this forces Nc to be odd

• Nc = 1 is trivial (no color dynamics), so it's excluded

• MAR selects the smallest surviving value: Nc = 3

• Quarks come in exactly 3 colors: red, green, blue

Chapter 13: The Z₆ Quotient and Hypercharge
This chapter derives the hypercharge assignments and the Z₆ quotient, completing
the gauge group identification. The gauge group SU(3) × SU(2) × U(1) with three
generations and three colors must be quotiented by a Z₆ subgroup to match the
actual gauge group of nature.

Hypercharge Quantization from Anomaly Cancellation

The hypercharge assignments are not free parameters: they are uniquely fixed by two
requirements:

1. Anomaly cancellation: All gauge anomalies (SU(3)² U(1), SU(2)² U(1), U(1)³, and
the mixed gravitational anomaly U(1)) must vanish

2. Yukawa invariance: The Yukawa couplings (which give particles mass) must be
gauge-invariant
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Yukawa coupling

A Yukawa coupling is an interaction between a fermion (like an electron), its
antiparticle partner, and the Higgs boson. It has the mathematical form y · ψL φ
ψR, where ψL is the left-handed fermion, ψR is the right-handed fermion, φ is the
Higgs field, and y is a coupling constant. The coupling strength y determines
the particle's mass after the Higgs gets its vacuum expectation value: m = y · v
/ √(2), where v ≈ 246 GeV. For this interaction term to be gauge-invariant (so
the physics doesn't change under gauge transformations), the hypercharges of
ψL, ψR, and φ must satisfy specific relationships. This is a powerful constraint
that, together with anomaly cancellation, uniquely fixes all hypercharge
assignments.

With SU(3) × SU(2) × U(1) and Nc = 3, anomaly cancellation plus Yukawa invariance
uniquely fixes the hypercharge ratios. The logic in sketch form:

Why anomaly cancellation fixes the ratios: Each fermion species carries an unknown
hypercharge Yᵢ. The anomaly conditions impose polynomial equations on these
unknowns:

• Tr[SU(3)² · U(1)]: a linear equation in the Yᵢ values (sum of hypercharges over
color triplets = 0)

• Tr[SU(2)² · U(1)]: another linear equation (sum over SU(2) doublets = 0)

• Tr[U(1)³] = 0: a cubic equation in the Yᵢ values: this is the most constraining

• Tr[U(1)] = 0: the mixed gravitational anomaly (sum of all hypercharges = 0)

• Yukawa invariance: YQL
 + YH = YuR

 and YQL
 - YH = YdR

 (for the mass terms to be
gauge-invariant)

Together, these give 5 equations for 5 unknowns (the hypercharges of QL, uR, dR, LL,
eR, with YH determined by Yukawa). The system is over-determined (the cubic
equation provides extra constraints), and the unique solution (up to an overall
normalization choice) gives exactly the Standard Model hypercharges.

In the standard normalization, all hypercharges are multiples of 1/6:

Particle SU(3) SU(2) Hypercharge Y

Quark doublet QL 3 2 +1/6

Up-type singlet uR 3 1 +2/3
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Down-type singlet dR 3 1 -1/3

Lepton doublet LL 1 2 -1/2

Charged lepton
singlet eR

1 1 -1

Higgs doublet H 1 2 +1/2

Worked Verification: Anomaly Cancellation:

Let's check the SU(3)² U(1) anomaly condition. This requires the sum of hypercharges
over all left-handed color triplets minus right-handed color triplets to vanish:

Σleft-handed color triplets YL - Σright-handed color triplets YR = 0

Per generation:

2 × (1)/(6) - (2)/(3) - (-(1)/(3)) = (1)/(3) - (2)/(3) + (1)/(3) = 0

The factor of 2 in 2 × (1)/(6) comes from the SU(2) doublet QL having two
components.

Let's also check the U(1)³ anomaly. A common trap: you might try summing Y³ over all
fermion species without accounting for chirality. That gives a nonzero answer! The
correct anomaly condition requires a chiral sign: left-handed fermions contribute +Y³
and right-handed fermions contribute -Y³:

Σleft-handed Y³ - Σright-handed Y³ = 0

Per generation (with Nc = 3 colors):

Left-handed contributions: Quark doublet QL (color triplet, SU(2) doublet, Y = 1/6): 3 ·
2 · (1/6)³ = 6/216 = 1/36. Lepton doublet LL (SU(2) doublet, Y = -1/2): 2 · (-1/2)³ =
-1/4.

Right-handed contributions: uR (color triplet, Y = 2/3): 3 · (2/3)³ = 24/27 = 8/9. dR
(color triplet, Y = -1/3): 3 · (-1/3)³ = -3/27 = -1/9. eR (singlet, Y = -1): (-1)³ = -1.

Putting it together:

[(1)/(36) - (1)/(4)] - [(8)/(9) - (1)/(9) - 1]
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= [(1 - 9)/(36)] - [(8 - 1 - 9)/(9)] = (-8)/(36) - (-2)/(9) = (-8)/(36) + (8)/(36) = 0

All anomaly conditions are satisfied: and the hypercharge assignments are the unique
solution (up to an overall normalization).

The Z₆ Quotient

Quotient group

If a subgroup H of a group G acts trivially (as the identity) on everything
physical, then the "true" symmetry group is G/H: the group G with all elements
of H identified with the identity. Analogy: on a clock, the numbers {0, 12, 24,
36, …} are all "the same" (they all mean midnight). The quotient Z/12Z = Z₁₂
identifies all multiples of 12, giving us the 12-hour clock group. In the Standard
Model, certain elements of the center of SU(3) × SU(2) × U(1) act identically on
all physical particles, so they should be identified: giving the quotient group.

The center of SU(3) × SU(2) × U(1) is Z₃ × Z₂ × U(1). (The center of SU(N) consists of
all scalar matrices ω I with ωN = 1, so center(SU(3)) = Z₃ and center(SU(2)) = Z₂ = {I,
-I}.)

The question: does every element of this center actually produce a different physical
transformation, or do some elements act trivially on all physical particles?

Consider the element:

(ω₃, -1, eiπ/3) ∈ SU(3) × SU(2) × U(1)

where ω₃ = e2π i/3 is a cube root of unity (i.e., ω₃³ = 1).

Let's check how this acts on the quark doublet QL (triplet of SU(3), doublet of SU(2),
hypercharge Y = 1/6). The key convention: the U(1) element eiθ acts on a field with
hypercharge Y by the phase ei · nY · θ, where nY = 6Y is the integer U(1) charge (all
hypercharges are multiples of 1/6, so nY is always an integer).

• From SU(3): the center element ω₃ = e2π i/3 acts on the fundamental triplet as
the phase e2π i/3

• From SU(2): the center element -1 acts on the fundamental doublet as the phase
eiπ
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• From U(1): QL has Y = 1/6, so nY = 6 × 1/6 = 1, and eiπ/3 acts as ei · 1 · π/3 = eiπ/3

Total phase: e2π i/3 · eiπ · eiπ/3 = ei(2π/3 + π + π/3) = ei · 2π = 1

This element acts as the identity on QL! A similar check confirms it acts trivially on ALL
physical fields (try it: for uR with Y = 2/3, the phases are e2π i/3 from SU(3), 1 from
SU(2) (singlet), and ei · 4 · π/3 from U(1) with nY = 4, totaling ei(2π/3 + 4π/3) = ei · 2π = 1).
The element generates a Z₆ subgroup that acts as the identity on every particle.

Therefore, the actual physical gauge group is:

Gphys = (SU(3) × SU(2) × U(1))/(Z₆)

Equivalently: Gphys ≅ S(U(3) × U(2)): the group of block-diagonal 5 × 5 unitary
matrices with determinant 1.

What We've Learned

• Anomaly cancellation + Yukawa invariance uniquely fix the hypercharge
assignments

• All hypercharges are multiples of 1/6

• A Z₆ subgroup of the center acts trivially on all physical particles

• The true gauge group is SU(3) × SU(2) × U(1) / Z₆

• This is the exact Standard Model gauge group

Chapter 14: Quantum Measurement from OPH:
Born Rule, Records, and Observer Continuation
This chapter covers one of the central results of OPH: the derivation of quantum
measurement theory from the screen's structure. In standard quantum mechanics,
the Born rule and the projection postulate are axioms. In OPH, they are consequences
of how observers interact with the screen.
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Transition: From Gauge Structure to Measurement Theory

With Chapter 13, we completed the gauge reconstruction branch of the OPH
derivation. Starting from edge sectors (Chapter 6), we used Tannaka-Krein (Chapter 8)
to reconstruct a compact group, MAR to identify it as SU(3) × SU(2) × U(1) (Chapters
9--10), anomaly cancellation to fix Ng = 3 and Nc = 3 (Chapters 11--12), and
hypercharge quantization to determine the Z₆ quotient (Chapter 13). That branch is
complete.

A parallel branch of the derivation that runs alongside the gauge reconstruction.
Recall from Chapter 5 that the screen architecture has two outputs: (1) edge sectors
(which feed into the gauge branch) and (2) the record protocol (record qubits, the
overlap API, and the repair loop). This second output leads to the derivation of
quantum measurement theory. The two branches are logically independent: the Born
rule does not depend on the gauge group being SU(3) × SU(2) × U(1), and the gauge
group does not depend on the Born rule. They share a common origin (the screen
architecture) but address different questions: "what are the forces?" vs. "how does
measurement work?"

The Measurement Problem

In standard quantum mechanics, there is a puzzle. The theory has two evolution rules
that seem to contradict each other:

1. Unitary evolution (Schrodinger equation): When no one is looking, quantum
states evolve smoothly and deterministically. Superpositions persist.

2. Measurement (collapse): When you measure, the state suddenly "jumps" to a
definite outcome with probabilities given by the Born rule. Superposition is
destroyed.

What makes measurement special? When does collapse happen? This is the famous
"measurement problem," and it has generated decades of heated debate
(many-worlds, Copenhagen, decoherence, etc.).

OPH resolves this cleanly: measurement is what happens when an observer writes a
record.

The Born-Luders Package from Screen Microphysics
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Born rule (from OPH)

In OPH, the Born rule follows from the screen's record-update protocol. When
an observer's record register couples to a gauge-invariant observable on the
screen, the probability of outcome E is:

P(E) = Tr(ρ PE)

where ρ is the state and PE is the projector onto the eigenspace for outcome E.
This formula emerges because the Gauss projectors and the heat-kernel
edge-sector weights enforce a specific structure on how records interact with
the gauge-invariant degrees of freedom. The Born rule is the unique probability
assignment consistent with the screen's gauge invariance and the observer's
record-update protocol.

Luders conditioning

After a measurement yields outcome E, the post-measurement state is:

ρ → (PE ρ PE)/(Tr(ρ PE))

This "Luders rule" (also called the projection postulate or state update rule)
says: project the state onto the subspace corresponding to the observed
outcome, then renormalize. In OPH, this rule follows from the screen's repair
protocol: once a record has been written and verified, the screen's state must
be consistent with that record. The repair loop enforces this consistency by
projecting out all components of the state that disagree with the written record.
The Luders rule is simply the mathematical expression of this consistency
enforcement.

Together, P(E) = Tr(ρ PE) and the Lüders update rule constitute the "Born-Lüders
package," derived from the screen's architecture.

How Records Work: The Record Algebra

What makes a record a record? In OPH, records live on the central subalgebra Z(AO) of
the observer-accessible algebra AO. This algebra has two layers:
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Exact layer (finite cutoff): At exact finite cutoff, record observables are central
elements of AO: they commute exactly with every other observable in the algebra.
Born/Lüders conditioning operates directly on these central elements. This is the
idealized, mathematically clean picture.

Practical layer (approximate readout): Physical projector readouts are approximately
central: ‖[R, A]‖ ≤ ε for all A ∈ AO. Explicit (ε, δrec) stability bounds control the error. If
the commutator norm is at most ε, the record's survival probability stays within δrec of
unity. The records live in the record qubits Hᵥrec at selected vertices.

The key property is stability: once written, a record persists long enough for the
observer to compare it with neighbors' records via the overlap API. The (ε, δrec) bound
makes this stability quantitative rather than qualitative.

Analogy: Think of records as entries in a lab notebook written in permanent ink. You
can write new entries, and the existing entries don't spontaneously change. Two
entries on the same page are approximately independent (approximately
commuting): reading one disturbs the other by at most ε.

The Measurement Process Step by Step

Here is how measurement works in OPH, step by step:

1. Pre-measurement state: The screen is in state ρ, and the observer's record
register is in a blank state |0⟩R
2. Coupling: The record register couples to a gauge-invariant observable O = Σₖ
λₖ Pₖ on the screen. This coupling is mediated by the overlap API between the
observer's patch and the screen.

3. Record writing: The coupling writes the measurement outcome into the record
register: the combined state becomes Σₖ Pₖ ρ Pₖ ⊗ |k⟩R ⟨k|

4. Decoherence: The different outcome branches |k⟩R become mutually
orthogonal and cannot interfere (they are recorded in different record qubits that
approximately commute with everything else)

5. Effective state: From the observer's perspective (conditioned on seeing record
outcome k), the screen's state is Pₖ ρ Pₖ / Tr(ρ Pₖ): exactly the Luders rule

The Born rule P(k) = Tr(ρ Pₖ) follows from the trace structure of the coupling and the
gauge-invariance requirement.
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Observer Continuation and Backup: The Markov Collar

What happens to the observer across measurements? How does the "self" persist
through time? OPH gives a concrete answer using the Markov collar factorization.

The observer O = (PO, A(PO), ρO, RO) persists as long as:

1. The Markov property holds: The collar region around the observer's patch
satisfies I(A:C|B) = 0 (the interior and exterior are conditionally independent
given the collar). This means the collar acts as a perfect "checkpoint": all
information needed to reconstruct the observer passes through it.

2. Records are preserved: The record register RO maintains its approximately
commuting projector structure. Old records don't get erased.

3. The algebraic pattern persists: The observer is an algebraic pattern (P, A(P), ρ,
R). As long as this pattern is maintained (possibly on a different patch), the
observer continues to exist.

Analogy: An observer is like a running computer program. The program's identity is
defined by its code (algebra A), its current memory state (ρ), and its saved files
(records R). You can checkpoint (save) the program, move it to a different computer,
and restore it. The Markov collar is the checkpoint: it captures everything needed to
continue the program.

This is the OPH resolution of the measurement problem: measurement is a concrete
physical process in which an observer writes a record, and the record-writing process
enforces the Born-Luders statistics through gauge invariance and repair.

The Bell/CHSH Package on the Fixed-Cutoff Surface

The Born rule on the record algebra is the mathematical base beneath a full Bell
theorem stack. The extension uses the same fixed-cutoff observable algebra and the
same probability law; it adds structure by considering two spatially separated
observers.

Two commuting wing algebras
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Take a single declared fixed-cutoff physical observable algebra Aphys(L R) with two
commuting subalgebras

AL, AR ⊂ Aphys(L R), [A, B] = 0 for all A ∈ AL, B ∈ AR.

The left and right wings represent two spatially separated observer patches on the
screen. Because the patches are disjoint, their observable algebras commute:
measuring one wing does not disturb the other.

Pick binary observables

Aₓ ∈ AL, By ∈ AR, x, y ∈ {0, 1},

with outcomes ± 1. Let ρLR be the source state on the joint wing algebra.

Joint probability law

Since left and right observables commute, the joint event projectors commute. The
Born rule on the fixed-cutoff record algebra gives the joint law directly:

p(a, b x, y) = Tr(ρLR Πₐ(x) Πb
(y)).

This is the same Born rule derived in the previous section, applied to commuting
projectors from two wings. No additional postulate is required.

No-signaling theorem

Summing over the remote outcome collapses the remote projector family to the
identity:

Σb p(a, b x, y) = Tr(ρLR Πₐ(x)),

and similarly on the other wing. The local marginals do not depend on the remote
setting. This is the no-signaling theorem on the stated operator surface: the right
observer's choice of measurement setting y cannot influence the left observer's
outcome statistics, and vice versa.
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What does no-signaling mean? If Alice and Bob share an entangled state and
are far apart, Alice cannot send a message to Bob by choosing what to
measure. Her measurement choice affects the correlations between their
outcomes (which they can only see after comparing notes), but it does not
affect Bob's local statistics. This is a theorem here, derived from the
commutativity of the wing algebras and the trace structure of the Born rule.

CHSH correlator and Tsirelson bound

The correlators are

E(x, y) = Tr(ρLR Aₓ By).

Define the CHSH operator

B = A₀(B₀ + B₁) + A₁(B₀ - B₁).

Using only:

• Aₓ² = 1 (binary outcomes)

• By² = 1 (binary outcomes)

• [Aₓ, By] = 0 (commuting wings)

the standard algebraic identity gives

B² = 4 1 - [A₀, A₁][B₀, B₁].

From ‖[A₀, A₁]‖ ≤ 2 and ‖[B₀, B₁]‖ ≤ 2, it follows that

‖B‖ ≤ 2√(2).

Every state on the fixed-cutoff operator surface satisfies

|E(0,0) + E(0,1) + E(1,0) - E(1,1)| ≤ 2√(2).

This is the Tsirelson bound. It is tighter than the classical Bell/CHSH bound of 2 (which
assumes hidden variables and factorizable probability distributions) but forbids the
algebraic maximum of 4. Quantum mechanics lives in the gap between 2 and 2√(2).
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The Tsirelson bound in context. Classical theories (local hidden variables)
satisfy |CHSH| ≤ 2. Quantum mechanics permits up to 2√(2) ≈ 2.828.
Experiments consistently measure values above 2 and below 2√(2), confirming
that nature is quantum but respects the Tsirelson bound. On the OPH
fixed-cutoff surface, this bound is a theorem: it follows from the operator
algebra, with no additional postulates.

Exact 2√(2) saturation on the two-qubit branch

The abstract bound 2√(2) is tight. It is saturated on an explicitly stated two-qubit
branch.

The repaired saturation corollary adds the explicit premise: there exist subalgebras QL
⊂ AL and QR ⊂ AR with

QL ≅ M₂(C), QR ≅ M₂(C), C^*(QL, QR) ≅ M₂(C) ⊗ M₂(C).

What is M₂(C)? It is the algebra of 2 × 2 complex matrices: the mathematical
structure describing a single qubit. The condition C^*(QL, QR) ≅ M₂(C) ⊗ M₂(C)
states that the two qubits form a genuine tensor product: their combined
system has the full 4 × 4 matrix algebra. This is the explicit two-qubit factor
structure.

The restriction of the state to this subalgebra is the Bell pair

|Φ^+⟩ = (|00⟩ + |11⟩)/(√(2)),

and the observables restrict to

A₀ = σz ⊗ 1, A₁ = σₓ ⊗ 1,

B₀ = 1 ⊗ (σz + σₓ)/(√(2)), B₁ = 1 ⊗ (σz - σₓ)/(√(2)).

The two-qubit calculation gives

E(0,0) = E(0,1) = E(1,0) = (1)/(√(2)), E(1,1) = -(1)/(√(2)),

so
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E(0,0) + E(0,1) + E(1,0) - E(1,1) = 2√(2).

This statement is exact because the two-qubit factor structure is stated as an explicit
premise, not smuggled in through a vague "Bell-pair branch."

What is closed and what is open

The following results are derived on the fixed-cutoff OPH operator surface:

Result Status

Born rule on the record algebra closed

Luders conditioning on the record algebra closed

Two-wing joint Bell law on commuting wing
algebras

closed

No-signaling theorem closed

CHSH correlator formula closed

Tsirelson bound 2√(2) closed

Exact 2√(2) saturation on the explicit
two-qubit branch

closed

Derivation of Bell-pair preparation from bare
OPH repair dynamics

open

Derivation of the two-qubit factor structure
from bare repair dynamics

open

Refinement-stable continuum Bell package
beyond the fixed-cutoff algebra

open

The closed results form a complete measurement and Bell package on the declared
fixed-cutoff surface. The open items concern whether the specific two-qubit setup can
be derived from the screen's bare repair dynamics (rather than assumed as a
premise) and whether the package extends cleanly beyond the fixed-cutoff regime.
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What We've Learned

• The measurement problem (why does collapse happen?) is resolved in OPH:
measurement = record writing

• The Born rule P(E) = Tr(ρ PE) is derived from gauge invariance and the
record-update protocol

• Luders conditioning (the projection postulate) follows from the screen's
repair loop enforcing consistency with records

• Records live on the central subalgebra of the observer-accessible algebra,
with exact Born/Luders conditioning at finite cutoff and (ε, δrec) bounds for
approximate readouts

• The Bell/CHSH package follows by applying the Born rule to two commuting
wing algebras: joint law, no-signaling, CHSH identity, and Tsirelson bound
are all theorems on the fixed-cutoff surface

• Exact 2√(2) saturation is derived on an explicitly stated two-qubit branch
with the Bell pair and Pauli observables

• Observer continuation is maintained through the Markov collar factorization

• The observer is an algebraic pattern O = (P, A(P), ρ, R)

Chapter 15: The Particle Zoo: What Falls Out
This chapter lays out the full particle content of the Standard Model as derived by
OPH, organized by claim tier. OPH does not present every row as a finished theorem.
Each particle row carries an explicit status that says exactly what kind of object the
published value is.

The Claim-Tier Ledger

The particle pipeline emits seven distinct kinds of row. Mixing them up is the easiest
way to misread the table further down, so they are stated upfront:

Tier Meaning
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Structural Mass is exactly zero as a symmetry-protected
consequence of the gauge group. No
numerical input.

Quantitative theorem Closed forward calculation from P on a
declared surface (e.g. the D10/D11 Higgs/top
surface).

Selected-class theorem Exact theorem on one selected public quark
frame class fP. The class is fixed by P; no
global classification is claimed.

Weighted-cycle theorem branch Closed on the weighted-cycle /
Majorana-holonomy branch (neutrino sector).

Compare-only adapter A frozen validation value emitted for
comparison, not promoted as a theorem until
the underlying gates close.

Continuation gap An exact same-family witness exists, but the
absolute scale is blocked by a proved no-go.
The closure path is identified.

Hardware-gated out of scope No prediction emitted. Requires an OPH
hadron backend (e.g. GLORB/Echosahedron)
that does not yet exist.

The Two Faces of P

The pipeline currently records two values of the pixel constant:

• Candidate trunk: Pcand = 1.63097210492… with αcand⁻¹ = 136.994020663…
This is what the present five-layer trunk emits internally. It is not live for
downstream particle predictions: the Ward-projected Thomson endpoint and the
RG/matching interval certificate are not yet theorem-grade.

• Outer readout: P = 1.630968209403959… with α⁻¹(0) = 137.035999177 (2022
CODATA). This is the value the outer closure formula P = φ + αem(P)√(π) returns
when the empirical Thomson-limit fine-structure constant is fed through the
closure law.

The gap between the two faces (about 4 × 10⁻⁶ in P) is not noise. It is the visible
signature of the open Thomson endpoint and the open RG/matching interval
certificate. Closing those two gates is the route from the candidate to a live trunk. This
is the one place in the book where it matters that the spectrum is still status-tiered,
not finished.
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The Standard Model Particle Table

Structural Massless Carriers

Three types of exactly massless particles follow from the gauge structure. These are
not numerical outputs: they are symmetry-protected zeros, meaning their mass is
exactly zero as a mathematical consequence of the gauge symmetry:

Photon (m_γ = 0): The U(1)EM gauge boson after electroweak symmetry breaking.
Massless by the unbroken electromagnetic gauge symmetry. It mediates the
electromagnetic force: light, radio waves, X-rays are all photons.

8 Gluons (mg = 0): The SU(3) gauge bosons. Massless because SU(3) is unbroken.
They mediate the strong force and are confined (you never see a free gluon). Each
gluon carries a combination of color and anti-color charge.

Graviton (mgrav = 0): From the dynamical metric branch of OPH (covered in Textbook
01). Massless by diffeomorphism invariance. It mediates the gravitational force.

Electroweak Bosons: Precise Predictions
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Higgs mechanism

The Higgs mechanism is the process by which gauge bosons acquire mass. In
the Standard Model, the Higgs field H is a complex doublet under SU(2) with
hypercharge Y = 1/2. At high temperatures (in the early universe), the Higgs
field averages to zero and all electroweak bosons are massless. Below a critical
temperature, the Higgs field "rolls" to a nonzero value (its "vacuum expectation
value" v ≈ 246 GeV), breaking SU(2) × U(1)Y → U(1)EM. Three of the four
electroweak bosons "eat" three of the four Higgs degrees of freedom and
become massive (W^+, W^-, Z⁰). The fourth boson (the photon) remains
massless because it corresponds to the unbroken U(1)EM. The remaining Higgs
degree of freedom is the physical Higgs boson, discovered at the LHC in 2012
with mass ≈ 125 GeV.

Analogy: Imagine a marble sitting on top of a perfectly symmetric hill (the
Higgs potential at high temperature). The hill has a circular valley around it. As
the universe cools, the marble rolls into the valley, breaking the rotational
symmetry: it picks a specific direction. The direction it picked determines which
combination of gauge bosons becomes the photon (massless) and which
become the W and Z (massive).

How OPH derives the W and Z masses

The pixel constant P = 1.630968 sets the fundamental "grain size" of the observer
screen: how much area each pixel cell occupies in Planck units. From that one
number, OPH constructs the electroweak boson masses through a chain of steps:

1. From pixel area to a unified coupling. The pixel area P determines the energy
scale at which the three gauge forces (SU(3), SU(2), U(1)) converge. Each screen
cell carries exactly P Planck areas of information, and the gauge coupling
strengths are set by how edge-sector heat kernels (the mathematical objects
describing how information diffuses across screen edges) behave at that cell size.
This fixes a single unified coupling αU at the unification scale.

2. Running the couplings down. In quantum field theory, coupling constants
change with energy scale due to quantum fluctuations (virtual particles popping
in and out of existence). This is called "running." OPH uses the same standard
running equations, but the starting values at the high scale are derived from P,
not measured. The three couplings α₁, α₂, α₃ separate as they run down to
everyday energies, producing the familiar hierarchy where the strong force is
strongest and electromagnetism is weakest.
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3. Fixing the electroweak scale. As the couplings run, they determine the vacuum
expectation value v (the "depth of the valley" in the Higgs analogy) and the
individual coupling strengths α₂ and αY at the Z boson mass scale. These are
outputs of the running from the P-determined high-energy starting point.

4. Reading off the masses. Once v, α₂, and αY are known, the W and Z masses
follow from the standard electroweak relations:

mW = (v)/(2)√(4πα₂), mZ = (v)/(2)√(4π(α₂ + αY))

The actual OPH derivation uses a more sophisticated "source-only repair theorem"
that accounts for higher-order corrections, but the physical logic is the same: P sets
the high-energy couplings, running brings them to low energies, and electroweak
symmetry breaking converts them into boson masses.

The single Higgs doublet H in representation (1, 2, +1/2) breaks SU(2) × U(1)Y →
U(1)EM, giving mass to:

• W^± bosons: mW = 80.377 GeV (compare-only adapter; experimentally
observed: 80.377 ± 0.012 GeV)

• Z⁰ boson: mZ = 91.18797809193725 GeV (compare-only adapter;
experimentally observed: 91.1876 ± 0.0021 GeV)

Tier note (compare-only adapter). The published W and Z values are
frozen-target validation numbers, not promoted theorem rows. They share a
branch with the candidate P root, the open Ward-projected Thomson endpoint,
and the open RG/matching interval certificate; until those three gates close,
the electroweak boson rows feed audit and comparison surfaces only.

The source-only mass theorem also fixes the electromagnetic anchor at the Z mass
scale:

αem⁻¹(mZ²) = 128.306, sin²θW(mZ) = 0.22306

The weak mixing angle θW describes how the original SU(2) and U(1) forces mix to
produce the photon and Z boson. Its value is fixed once the running couplings are
known.

The electromagnetic transport channel and the fine-structure constant
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The electromagnetic coupling at the Z scale is an anchor point, but the physically
famous number is the fine-structure constant α measured at zero momentum transfer
(the "Thomson limit"). OPH derives this value through the electromagnetic transport
channel.

The physical electric charge operator is Q = T₃ + Y, with integer charge on all physical
color-singlet states. To extract the coupling at arbitrary momentum transfer q², OPH
promotes the electroweak object from a single mass chart to a q²-dependent transport
kernel:

KEW(q²) = {ΠAA, ΠAZ, ΠZZ, ΠWW}

A Ward projector then selects the unbroken electromagnetic channel U(1)Q. The key
condition: the projector kills photon-Z mixing at q² = 0, isolating the pure
electromagnetic transport.

What is a Ward projector? In quantum field theory, Ward identities are exact
relations that follow from gauge symmetry. They guarantee, for example, that
the photon stays massless and that electromagnetic current is conserved. The
Ward projector here enforces these identities on the transport kernel, cleanly
separating the electromagnetic channel from the weak neutral channel.
Without this projection, the photon and Z boson would mix at zero momentum,
which would violate electromagnetic gauge invariance.

On the projected U(1)Q channel, OPH applies the abelian edge heat-kernel law:

pₙ(q²; P) ∝ exp(-tQ(q²; P) n²)

The electromagnetic coupling at any momentum scale follows:

αem⁻¹(q²; P) = (8π²)/(tQ(q²; P))
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What is happening here, physically? Think of the observer screen's edge
sectors as a lattice through which electromagnetic information diffuses. The
"heat-kernel" tQ measures how fast this diffusion proceeds at a given
momentum scale. At high momentum (short distances), the diffusion is fast
and the coupling is stronger. At zero momentum (long distances), the diffusion
slows and the coupling is weaker. The ratio of diffusion rates at two scales
directly gives the ratio of couplings.

The physical fine-structure constant is the Thomson endpoint, the value of αem
extrapolated to zero momentum transfer:

α⁻¹(0; P) = q² → 0 αem⁻¹(q²; P)

Relative to the mZ² anchor, this evaluates to:

α⁻¹(0; P) = αem⁻¹(mZ²) × (tQ(mZ²; P))/(tQ(0; P))

The fine-structure constant is therefore not an isolated number that OPH has to fit. It
is the inner electromagnetic readout of the same screen cell whose outer geometry is
P. Outer pixel and inner coupling are two faces of one closure.

Two readings of the same closure

The Thomson endpoint is reported on two clearly separated surfaces. Both belong to
the same closure law P = φ + √(π)/AT(P). They differ only in whether the hadronic
spectral piece is supplied from inside the OPH source package or from measurement.

Surface α⁻¹(0) P

Source-only OPH transport 136.994 835 164 621 649 1.630 972 095 694 329 018

OPH plus empirical hadronic
endpoint

137.035 999 177 1.630 968 209 403 959 325

The source-only row is the finite electromagnetic transport that the present OPH
source package emits on its own, with no inserted measurement. The
empirical-endpoint row uses the measured Thomson endpoint, which carries the
hadronic vacuum-polarization contribution from low-energy QCD. The two surfaces are
kept apart in every ledger so the source-only number is never silently combined with
empirical input.



77© 2026 Pragma Research learn.floatingpragma.io

The residual at the public endpoint pixel is the gap between the two rows:

Δα⁻¹hadronic = 0.041 465 861 005 223 (inverse-α units).

This is the electromagnetic shadow of the hadronic spectral function. The hadronic
contribution to α is therefore displayed through an empirical closure surface, exactly
the same way the hadron mass rows are displayed: source-only OPH and empirical
closure remain separate output classes. The OPH repository carries the e^+e^- →
hadrons source registry and payload schema for a dispersion-based empirical hadron
dataset; the integrated dispersion data live on the empirical-closure surface, not on
the source-only surface.

The closure step that absorbs the residual back into the source-only row is the OPH
hadron backend (working name GLORB / Echosahedron), which will emit
Ward-projected production spectral data through the same transport channel. Until
then the published value

α⁻¹(0) = 137.035 999 177

is the 2022 CODATA/NIST value, recovered on the empirically completed surface.

Higgs Boson

How OPH derives the Higgs mass

The Higgs boson is the particle associated with the Higgs field, the field whose
vacuum expectation value gives the W and Z bosons and the charged fermions their
masses.

OPH derives the Higgs mass through a source-only split theorem on the calibrated
electroweak surface. The derivation has three stages:

1. The fixed-ray no-go. The simplest approach would be to treat the Higgs/top
lane as a single scalar: one number controlling the Higgs quartic and the top
Yukawa together. OPH proves this fails. The exact electroweak data require two
independent source coordinates πy (for the top Yukawa correction) and π_λ (for
the Higgs quartic correction), and these two coordinates are not equal. Their
difference wHT := πy - π_λ = -0.000386 ≠ 0. Any one-scalar treatment is ruled out:
the Higgs/top lane is split, not one-dimensional.
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2. The selected source branch. The electroweak surface admits a compressed
repair family parameterized by two selector functions c and d. These are not free
knobs. Requiring factorization through the emitted target-free repair law on the
calibrated surface fixes both selectors uniquely: they become determined
functions of the electroweak running parameters η and β. The result is a selected
source branch with no remaining freedom.

3. The split readout. On this selected branch, the theorem emits a shared split
scalar ρHT = log(1 + τ2,tree

exact) and constructs the Higgs source coordinate π_λ
from the electroweak source data. The standard Jacobian converts this coordinate
into a physical correction:

δλ(μₜ) = -(16)/(9) λcore(μₜ) · π_λ

The corrected core value gives the physical Higgs mass:

mH = mH,core + (dmH)/(dλ) δλ

What is the "split scalar" ρHT? It is a single number built from the tree-level
electroweak data that encodes how the Higgs quartic correction is sourced. The
split-lane construction also produces a top Yukawa coordinate πy. On the
selected public quark frame class fP, the top row is a closed selected-class
theorem: mₜ = 172.352 GeV, with a constructive direct-top bridge at 172.559
GeV (0.28σ) emitted in the available derivation.

Particle OPH value Tier Experimental value
(PDG 2025)

Higgs boson 125.1995304097179
GeV

quantitative theorem
on declared D10/D11
surface

125.20 ± 0.11 GeV

Top quark 172.3523553288311
5 GeV

selected-class
theorem on fP

172.57 ± 0.29 GeV

The Higgs row is a closed quantitative theorem on the declared D10/D11 running,
matching, and threshold surface. The top quark is now closed as an exact theorem on
the selected public quark frame class fP; an auxiliary direct-top witness on the
codomain Q007TP lands at 172.559 GeV (a 0.28σ pull from the theorem coordinate),
serving as a constructive bridge but not a separate direct-top theorem.
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The Full Matter Content

Three generations, each containing:

Particle Name SU(3) × SU(2) ×
U(1)Y

Electric charge Q

QL = (uL, dL) Quark doublet (3, 2, +1/6) +2/3, -1/3

uR Up-type singlet (3, 1, +2/3) +2/3

dR Down-type singlet (3, 1, -1/3) -1/3

LL = (νL, eL) Lepton doublet (1, 2, -1/2) 0, -1

eR Charged lepton
singlet

(1, 1, -1) -1

Plus one Higgs doublet: H in (1, 2, +1/2).

Generation 1: up quark (u), down quark (d), electron (e), electron neutrino (νₑ)
Generation 2: charm quark (c), strange quark (s), muon (μ), muon neutrino (ν_μ)
Generation 3: top quark (t), bottom quark (b), tau (τ), tau neutrino (ν_τ)

The electric charge is computed from Q = T₃ + Y, where T₃ = +1/2 for the upper
component of a doublet and T₃ = -1/2 for the lower component, and T₃ = 0 for
singlets.

Complete Gauge Boson Content

Boson Force (SU(3),
SU(2), U(1)Y)

Spin Mass Count

Gluons g Strong (8, 1, 0) 1 0 8

W^± Weak
(charged)

(1, 3, 0) 1 80.377 GeV (
compare-onl
y)

2

Z⁰ Weak
(neutral)

(1, 3, 0) 1 91.188 GeV (
compare-onl
y)

1
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Photon γ Electromagn
etic

(1, 1, 0) 1 0 1

Graviton Gravity singlet 2 0 1

Note: W^± and Z⁰ are three of the four electroweak gauge bosons (from SU(2) ×
U(1)) after electroweak symmetry breaking. The photon is the fourth. Before
symmetry breaking, the four bosons are W¹, W², W³ (from SU(2)) and B (from U(1)).
The graviton comes from the dynamical metric branch of OPH (Textbook 01), not from
the gauge reconstruction.

The Higgs Boson

Boson (SU(3), SU(2), U(1)Y) Spin Mass

Higgs H (1, 2, +1/2) 0 125.1995 GeV

The Higgs doublet has four real degrees of freedom. After electroweak symmetry
breaking, three are "eaten" by W^± and Z⁰ (giving them mass), and one remains as
the physical Higgs boson.

Quark Masses: Exact Running-Mass Theorem

How OPH derives quark masses

In the Standard Model as usually presented, each quark mass is a separate free
parameter: six independent numbers that must be measured. OPH derives all six from
the same pixel constant P through a chain that connects overlap-transport structure
to explicit Yukawa couplings.

1. The flavor backbone. Earlier in the derivation (Chapters 11-12), OPH
established that exactly three generations exist. But having three generations
does not tell you how heavy each quark is. The flavor transport machinery
addresses this: it studies how "same-label" transport data (information carried by
persistent overlap defects on the three-generation bundle) organize into a
common family observable.



81© 2026 Pragma Research learn.floatingpragma.io

2. The shared excitation dictionary. Think of the three generations as three
energy levels of the same underlying system. The relative spacing of these levels
is controlled by "gap" and "overlap" scalars: numbers that describe how strongly
the transport defects on the screen suppress or enhance each generation. For
each same-label arrow e, the proof-facing data are a gap scalar gₑ and an overlap
scalar ωₑ, from which one builds qₑ = √(gₑ(1-ωₑ)) and a centered log-weight ηₑ =
log qₑ - (1)/(3)Σf log qf. These form a shared dictionary that all matter sectors
(quarks, leptons, neutrinos) draw from.

3. The mean split and sector descent. The quark sector takes this shared
dictionary and performs a "mean split": separating the up-type quarks (u, c, t)
from the down-type quarks (d, s, b). This split is controlled by the overlap mass
bridge Δud

overlap = (1)/(6)log(cd/cᵤ), which measures how differently the up and
down sectors respond to the same underlying transport structure.

4. The selected public quark frame class. The pixel constant P selects a particular
"quark frame class" fP: a mathematical object that packages the physical sigma
datum (a single number encoding the up/down asymmetry), the affine mean law
that emits the gap scalars (gᵤ, gd) algebraically, and the ordered three-point
readout that converts those scalars into the six running quark masses. On this
selected class, the exact forward construction also emits explicit Yukawa
matrices Yᵤ and Yd.

What is a quark frame class? In the Standard Model, quark masses depend on
the energy scale at which you measure them ("running masses") and on how
you define the quark fields (the "scheme"). A quark frame class in OPH is the
analog of a scheme choice: it specifies exactly which mathematical
representative of the flavor data you use when reading off masses. The pixel
constant P selects one particular class, and on that class the masses match the
official PDG 2025 running-quark values exactly.

What are Yukawa couplings? The Yukawa coupling is the number that controls
how strongly each quark couples to the Higgs field, and therefore how heavy it
is. In the Standard Model, these are free parameters: six numbers you plug in
by hand. OPH derives them: the "exact forward construction" builds the 3 × 3
Yukawa matrices Yᵤ (for up-type quarks) and Yd (for down-type quarks) from
the transported overlap data, and the eigenvalues of these matrices give the
quark masses.
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Analogy: Imagine a piano where the string lengths are not set independently
but are all determined by the shape of one curved frame. You do not choose
each string length separately: the frame (playing the role of P) determines all
of them at once. The selected-class theorem produces strings tuned to the
exact reference pitches.

Why "running masses" instead of "pole masses"? Quarks are permanently
confined inside hadrons: you never see a free quark. So unlike the electron, a
quark has no well-defined "rest mass" in the usual sense. Instead, physicists
define "running masses" that depend on the energy scale at which you probe
the quark. The OPH predictions match these standard running-mass values
from the PDG 2025 compilation.

Quark OPH prediction Tier PDG 2025 running
mass

Up (u) 0.00216 GeV selected-class
theorem

0.00216 GeV

Down (d) 0.00470 GeV selected-class
theorem

0.00470 GeV

Strange (s) 0.0935 GeV selected-class
theorem

0.0935 GeV

Charm (c) 1.273 GeV selected-class
theorem

1.273 GeV

Bottom (b) 4.183 GeV selected-class
theorem

4.183 GeV

Top (t) 172.352 GeV selected-class
theorem

172.57 ± 0.29 GeV

The six quark masses are exact theorem rows on the selected public quark frame
class fP, together with explicit exact forward Yukawa matrices Yᵤ and Yd. The top row
carries a constructive direct-top bridge on the auxiliary codomain Q007TP (172.559
GeV, 0.28σ from the theorem coordinate); promoting that bridge to an independent
direct-top theorem is the remaining open step. No global classification of all quark
frame classes is claimed.

All six quark masses match the official PDG 2025 API running-quark surface exactly on
the selected public quark frame class fP. The derivation also produces explicit exact
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forward Yukawa matrices Yᵤ and Yd on this class. The top row is closed as a
selected-class theorem and carries a constructive direct-top bridge (172.559 GeV on
the auxiliary codomain Q007TP, 0.28σ from the theorem coordinate). No global
classification of all quark frame classes is claimed.

A separate target-free mass bridge closes independently: Δud
overlap = (1)/(6)log(cd/cᵤ),

confirming internal consistency from the transport side. An exact same-family witness
reproduces the same sextet, providing a second independent check.

The CKM mixing matrix: which describes how quarks of different generations mix
during weak interactions: follows from the quark Yukawa matrices. The physical
mixing parameters are determined by the relative rotation between Yᵤ and Yd, which
the derivation fixes.

Charged Leptons: Continuation Gap

Tier note (continuation gap). The charged-lepton row is the most honest place
in the spectrum to see how OPH separates shape from absolute scale. The
shape (the relative spacing of e, μ, τ on a log scale) is exact. The absolute scale
is blocked by a proved no-go, and the closure path is identified but not yet
executed. The published numerical values below are an exact same-family
witness, not a promoted theorem row.

How OPH derives the charged lepton hierarchy

The charged leptons (electron, muon, tau) use the same excitation dictionary as the
quarks, but their sector-specific readout works differently. The derivation has two
layers: a centered-shape layer that fixes the relative spacing exactly, and an
absolute-scale layer that is currently blocked.

1. Ordered charged carrier. The three charged leptons sit on an "ordered charged
carrier": a mathematical object that encodes how the three lepton masses are
spaced relative to each other. This carrier is parameterized by a single number x₂
= -0.5176, which comes from the same transport structure that generated the
quark sector.

2. Centered logs. Given any "charged source pair" (η, σ), the carrier determines
the centered mass logarithms. It tells you exactly how the electron, muon, and
tau masses are spaced on a logarithmic scale, but not where the whole pattern
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sits.

3. The common-shift no-go. The centered log triple sums to zero, so the centered
data live in the quotient R³ / ⟨(1,1,1)⟩. A common shift c in the (1,1,1) direction
rescales all three masses by ec without changing the centered invariants.
Centered data alone cannot emit the absolute charged anchor Ach: this is a
proved no-go.

Analogy: Suppose someone tells you "the three notes in a chord have these
exact frequency ratios." That completely determines the chord's quality (major,
minor, etc.) but does not tell you which key it is in. OPH derives the exact
"chord quality." The "key" (the absolute scale) is what the continuation gap is
about.

An exact same-family witness reproduces all three charged lepton masses on the
ordered eigenvalue family:

Lepton Same-family witness Tier Experimental value

Electron (e) 0.000511 GeV continuation gap
(witness only)

0.000511 GeV

Muon (μ) 0.10566 GeV continuation gap
(witness only)

0.10566 GeV

Tau (τ) 1.77693 GeV continuation gap
(witness only)

1.77686 GeV

The closure path

The remaining work is fully scoped. The pipeline records a latent candidate Cₑcand

that, once the branch-generator splitting is closed, lifts to a post-promotion charged
operator. Within that lift the physical scalar is the descended object

μphys(Yₑ) = (1)/(3) log det(Yₑ),

and the canonical uncentered lift, affine anchor, and absolute readouts follow
algebraically:

Cₑ(Yₑ) = Cₑ(Yₑ) + μphys(Yₑ) 1, Ach(Yₑ) = μphys(Yₑ), mᵢ = eAch + ℓi,centered.



85© 2026 Pragma Research learn.floatingpragma.io

What is missing is exactly one step: closing the branch-generator splitting that
promotes Cₑcand to the post-promotion lift. The compare-only target for the affine
anchor is gₑ^ = 0.0457789, equivalently Δₑabs, = 3.00398633.

Neutrinos: Emitted Absolute Masses

Neutrino oscillations

Neutrinos were long thought to be massless, but experiments since the late
1990s showed that neutrinos "oscillate": a neutrino created as an electron-type
can later be detected as a muon-type or tau-type. This is only possible if
neutrinos have mass, and if the mass states are different from the flavor
states. The mixing between mass and flavor states is described by the PMNS
matrix (the neutrino analog of the CKM matrix for quarks), characterized by
three mixing angles (θ₁₂, θ₂₃, θ₁₃) and a CP-violating phase (δ).

How OPH derives neutrino masses and mixing

The neutrino derivation produces absolute masses (and mixing angles), through a
chain that connects back to the same pixel constant P. The logic:

1. Excluding the simple branch. The first step is a negative result: the "isotropic
intrinsic" branch (the simplest possible neutrino model within OPH) is excluded
because it cannot reproduce the observed atmospheric mass splitting. This is an
exact mathematical cap, and it forces the derivation onto a more interesting
branch.

2. The weighted-cycle / Majorana-holonomy branch. On this branch, the neutrino
mixing is generated by "weighted cycles": closed loops of transport data on the
three-generation bundle where each generation contributes with a specific
weight. The Majorana-holonomy part refers to the fact that neutrinos, unlike
quarks and charged leptons, may be their own antiparticles (Majorana particles),
which introduces additional phase structure in the transport cycles. To extract the
physical Majorana phases, the repaired weighted-cycle matrix is transported into
the shared same-label basis via the charged-lepton left unitary Ue,left, and the
canonical Takagi congruence is then applied with the electron-row gauge Uₑ₁ ∈
R>0, producing a unique theorem-grade Majorana phase pair.
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3. Fixing the mixing shape. The transport-load selector (a mathematical object
that picks out the physically relevant weighted cycle) is fixed by a standard
balanced-midpoint condition: it finds the natural midpoint of the allowed
parameter space. This uniquely determines the three PMNS mixing angles and
the CP-violating phase, with no adjustable parameters.

4. Bridge rigidity: from shape to scale. The central step is the "bridge-rigidity
theorem," which connects the scale-free oscillation shape (mixing angles and
mass ratios) to absolute masses. It produces a single number C_ν = 0.9994: close
to 1: that acts as a bridge coefficient. Combined with the normalized
overlap-defect data, this gives an absolute mass normalizer λ_ν = 1.724 that
converts dimensionless mass ratios into electron-volts.

Analogy: Imagine you know the exact shape of a triangle (all the angles and
the ratios of the sides) but not its size. The bridge-rigidity theorem is like
finding a ruler that tells you "this triangle has sides measured in centimeters,
and this specific side is 1.724 cm." Once you have that, every side length is
fixed.

Emitted PMNS mixing parameters:

Parameter OPH prediction Experimental range

θ₁₂ 34.23° 33.4° ± 0.8°

θ₂₃ 49.72° 49.3° ± 1.0°

θ₁₃ 8.69° 8.53° ± 0.13°

δPMNS 305.6° 197° ± 42° (poorly
constrained)

Emitted Majorana phases:

If neutrinos are Majorana particles (their own antiparticles), the PMNS matrix carries
two additional physical phases, α₂₁ and α₃₁, that do not affect oscillation experiments
but enter neutrinoless double-beta decay rates. These phases cannot be read off the
PMNS columns directly because arbitrary intermediate column rephasings leave
oscillation observables unchanged. OPH fixes them by transporting the repaired
weighted-cycle Majorana matrix into the shared same-label basis (Mshared = Ue,left^*
Mwc Ue,left^) and applying canonical Takagi congruence with the electron-row gauge
Uₑ₁ ∈ R>0.
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Parameter OPH prediction

α₂₁(Maj) 153.62°

α₃₁(Maj) 257.00°

These are theorem-grade predictions: no experimental measurement of physical
Majorana phases exists yet, so they serve as pure predictions awaiting future
neutrinoless double-beta decay experiments.

Emitted absolute neutrino masses:

m₁ = 0.01745 eV, m₂ = 0.01948 eV, m₃ = 0.05308 eV

These are the absolute neutrino masses emitted on the weighted-cycle /
Majorana-holonomy branch (release r1419), labeled by mass-ordering index, where
the flavor-resolved values are m(νₑ) = 0.01745 eV, m(ν_μ) = 0.01948 eV, and m(ν_τ)
= 0.05308 eV.

These correspond to the "normal ordering" (m₁ < m₂ < m₃), which matches the
pattern favored by experimental data. The mass-squared splittings are:

Δ m₂₁² = 7.49 × 10⁻⁵ eV², Δ m₃₂² = 2.44 × 10⁻³ eV²

These are close to the experimentally measured values (Δ m₂₁² ≈ 7.53 × 10⁻⁵ eV², Δ
m₃₂² ≈ 2.45 × 10⁻³ eV²).

Why this matters: In the conventional Standard Model, neutrino masses and
mixing angles are completely free parameters: they must be measured and
cannot be predicted. OPH derives all of them from the same framework that
produced the gauge group and the W/Z masses. If these predictions hold up
against future precision measurements, it would be strong evidence that the
OPH axioms capture something real about the structure of physics.

Hadrons
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Tier note (hardware-gated, out of scope for the current pipeline). The hadron
branch is intentionally outside the current OPH particle prediction pipeline.
Unlike elementary non-hadron rows, hadron masses require nonperturbative
QCD execution from a working OPH hadron backend (working name GLORB /
Echosahedron). Local Python scaffolds, surrogate correlators, and worker-style
harnesses are not promotable prediction sources. The hadron rows will only be
reopened once a real OPH backend emits Ward-projected spectral data,
production correlator outputs, and publication-grade statistical, continuum,
volume, chiral, and matching/systematics budgets.

Current hadron rows. All four are explicitly non-emitting:

Row Current OPH output Status

Proton no emitted prediction out-of-scope / backend-gated

Neutron no emitted prediction out-of-scope / backend-gated

Neutral pion (π⁰) proxy no emitted prediction surrogate only,
non-promoting

ρ(770) proxy no emitted prediction surrogate only,
non-promoting

Until the OPH hadron backend exists, the hadron family is intentionally blank in the
published predictions table. Lattice-QCD plug-ins from the derived quark masses
would be standard QCD work, not an OPH theorem row, and so are not used here.

Summary Table

Sector Tier Key result

Photon, gluons, graviton structural exactly 0
(symmetry-protected)

Gauge group, generations,
colors

structural SU(3) × SU(2) × U(1)/Z₆, Ng =
3, Nc = 3
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W^±, Z⁰ masses compare-only adapter 80.377 GeV, 91.18797809
GeV (frozen validation values;
not promoted until candidate
P root, Thomson endpoint,
and RG/matching certificate
close)

Higgs boson mass quantitative theorem on
D10/D11

125.1995304097179 GeV

Top quark selected-class theorem on fP 172.35235532883115 GeV
(with constructive direct-top
bridge at 172.559 GeV,
0.28σ)

Quark masses (u, d, s, c, b, t) selected-class theorem on fP exact PDG 2025
running-mass match for all
six, with explicit forward
Yukawas Yᵤ, Yd

Charged leptons (e, μ, τ) continuation gap exact same-family witness;
absolute scale blocked by
common-shift no-go, closure
path identified

Neutrino masses & PMNS weighted-cycle theorem
branch

three absolute masses
(0.0175, 0.0195, 0.0531 eV)
+ PMNS angles + Majorana
phases

Hadrons (proton, neutron, π⁰,
ρ)

hardware-gated out of scope no prediction emitted;
requires OPH hadron backend
(e.g. GLORB/Echosahedron)

Fine-structure constant α⁻¹(0) outer-readout closure 137.035 999 177 (2022
CODATA), via P = φ +
αem(P)√(π)

Born rule, Lüders conditioning structural theorem fixed-cutoff theorem

No proton decay, no
monopoles

structural consequence of product
group

Closed and exact rows

The following are derived from P on closed theorem branches:

• Gravitational constant G: 6.6742999959 × 10⁻¹¹ (PDG: 6.67430(15) × 10⁻¹¹,
within 0.00003σ)
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• Speed of light c: 299 792 458 m/s (exact by construction from the Lorentzian
signature)

• Fine-structure constant α⁻¹(0) = 137.035 999 177 via the outer closure law (the
candidate trunk value is αcand⁻¹ = 136.994 and remains non-promotable)

• Photon, gluon, and graviton masses: exactly zero (structural)

• All six quark running masses (u, d, s, c, b, t): exact PDG 2025 match on the
selected public quark frame class fP
• Higgs boson mass 125.1995 GeV on the declared D10/D11 surface

• Three absolute neutrino masses and full PMNS mixing on the weighted-cycle
theorem branch

Active research (open gates)

The published spectrum keeps the gate-list visible rather than hidden. The remaining
open work, in priority order:

1. P closure root. Promote the candidate trunk Pcand = 1.63097210492… to a live
theorem-grade root. Requires the Ward-projected Thomson endpoint and the
RG/matching interval certificate.

2. Electroweak W/Z. Inherit the live P root and emit theorem-grade W/Z masses
(currently compare-only adapters).

3. Charged leptons. Close the branch-generator splitting that promotes the latent
candidate Cₑcand to the post-promotion lift, after which μphys(Yₑ), Ach, and the
absolute charged masses follow algebraically.

4. Direct-top theorem. Promote the constructive 172.559 GeV bridge on Q007TP
to an independent direct-top theorem (the selected-class theorem on fP already
closes the public top row).

5. Hadrons. Build the OPH hadron backend (GLORB / Echosahedron) and the
Ward-projected hadron spectral-measure export.



91© 2026 Pragma Research learn.floatingpragma.io

What We've Learned

• OPH currently emits a status-tiered particle spectrum, not a finished one,
and labels every row by its tier

• The pixel constant has two faces in the present pipeline: the candidate trunk
Pcand = 1.63097210492… (not live) and the outer-readout value P =
1.630968209… (gives α⁻¹(0) = 137.036)

• Six quark running masses, the Higgs mass, the three neutrino masses, and
the full PMNS mixing are closed theorem rows; W/Z are compare-only
adapters; charged leptons are a continuation gap; hadrons are
hardware-gated and emit no prediction

• The remaining open gates (Thomson endpoint, RG/matching certificate,
branch-generator splitting, direct-top theorem, hadron backend) are
explicitly enumerated rather than absorbed into "future work"

Chapter 16: Corollaries: No Proton Decay, No
Monopoles, Uniqueness
This chapter explores the physical consequences that follow automatically from the
derived structure, beyond the gauge group itself.

No Gauge-Mediated Proton Decay
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Proton decay

In Grand Unified Theories (GUTs) like SU(5) or SO(10), there exist gauge bosons
(called X and Y bosons) that can turn quarks into leptons, causing the proton to
decay into lighter particles (like a positron and a neutral pion: p → e^+ + π⁰).
This would mean ordinary matter is fundamentally unstable. Despite decades
of searching with enormous detectors (like Super-Kamiokande in Japan, which
monitors 50,000 tons of ultra-pure water), proton decay has never been
observed. The experimental lower bound on the proton lifetime is ∼ 10³⁴ years:
about 10²⁴ times the current age of the universe. The absence of proton decay
is one of the strongest arguments against simple GUTs.

The adjoint representation of our gauge group contains only:

(8, 1, 0) ⊕ (1, 3, 0) ⊕ (1, 1, 0)

These are the gluons (8 of SU(3)), the W bosons (3 of SU(2)), and the B boson (1 of
U(1)). there are no mixed representations like (3, 2, ± 5/6): the dangerous X and Y
bosons that would mediate proton decay.

Why? Proton decay via gauge bosons requires a simple unification group (like SU(5)),
where the adjoint representation naturally contains components mixing color and
weak charges. Our product-group structure SU(3) × SU(2) × U(1) structurally forbids
this.

• INPUT: The derived gauge group SU(3) × SU(2) × U(1) / Z₆

• WHAT THE MATH DOES: Compute the adjoint representation and check for
baryon-number-violating gauge bosons

• OUTPUT: No such bosons exist. Proton decay via gauge exchange is structurally
impossible.

No Magnetic Monopoles from GUT Breaking
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Magnetic monopoles

A magnetic monopole would be a particle carrying isolated magnetic charge: a
"north pole" without a "south pole." In classical electromagnetism, magnetic
monopoles do not exist: if you cut a bar magnet in half, you get two smaller
magnets, each with both a north and south pole. However, many GUTs predict
that magnetic monopoles were created in the early universe when the unified
gauge group broke down to the Standard Model group. These GUT monopoles
would be extremely massive (∼ 10¹⁶ GeV) and topologically stable. Despite
extensive searches, no monopoles have been found. In OPH, their absence is
explained: the gauge group was never unified, so the symmetry-breaking
transition that would produce monopoles never occurred.

Standard GUT monopoles arise when a simple group breaks to a product group,
leaving topological defects. Mathematically, they correspond to nontrivial elements of
π₂(GGUT/GSM).

In OPH, the gauge group was never a simple group: it was always the product SU(3) ×
SU(2) × U(1) / Z₆. No unification occurred, so no breaking occurred, so no monopoles
were produced.

Uniqueness

Within the class of positive-dimensional connected Lie groups with one abelian factor
satisfying all admissibility conditions, the Standard Model gauge group is the unique
realization with χcpl = 6.

There is no competing option. No fine-tuning. No arbitrary choices. The group is
selected as inevitably as the fact that 6 is the smallest product of an odd prime and 2.

Why connected Lie groups? The Tannaka-Krein theorem reconstructs a
compact group, which could in principle be finite (like Zₙ) or disconnected (like
O(3)). The derivation restricts to connected Lie groups: continuous symmetries
like SU(N). This is physically well-motivated: the gauge field must support a
smooth connection (needed for gravity), and finite gauge groups don't allow
this. The heat-kernel edge-sector weighting may also naturally suppress
discrete sectors.
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Connected vs. simply connected groups

A connected group is one where you can continuously deform any element into
any other: there are no "separate islands." For example, SO(3) (rotations in 3D)
is connected: you can smoothly rotate from any orientation to any other. But
O(3) (rotations plus reflections) is disconnected: you cannot smoothly deform a
rotation into a reflection. A simply connected group goes further: not only can
you connect any two elements, but any closed loop of elements can be
continuously shrunk to a point. SU(2) is simply connected; SO(3) is connected
but not simply connected (there exist loops that cannot be shrunk: this is why a
360° rotation in SO(3) is not the identity in SU(2), but a 720° rotation is). The
distinction matters because the global structure of the gauge group (connected
vs. simply connected) determines which representations are physically allowed
and which topological defects can exist.

Why a single Higgs doublet? The derivation assumes that electroweak
symmetry breaking is accomplished by a single Higgs doublet in ( 1, 2, +1/2),
rather than multiple scalar multiplets. This is the minimal scalar content that
can break SU(2) × U(1)Y → U(1)EM while giving mass to all charged fermions.
MAR's complexity vector includes the scalar content, so a single doublet is the
simplest option: adding a second doublet would increase the complexity
without enabling any new consistency condition.

What We've Learned

• The product structure forbids gauge-mediated proton decay (no X/Y bosons
in the adjoint)

• No GUT monopoles exist because there was never a simple unified group to
break

• The SM gauge group is the unique MAR-minimal realization with χcpl = 6

• These are not separate assumptions: they are logical consequences of the
derivation



95© 2026 Pragma Research learn.floatingpragma.io

Chapter 17: The Complete Picture: Summary and
Derivation Map
This chapter pulls everything together into a single, clear derivation chain: from
axioms to the Standard Model and quantum mechanics.

The Derivation Chain

Summary Table

Step Input Key mechanism Output

Screen Axioms 1--4 Cellulation, registers,
Gauss law

Edge sectors +
record protocol

Consensus Screen + repair
maps

Newman's lemma,
local confluence

Objectivity, gauge
symmetry

Gauge reconstruction Edge-sector category
+ transport, braiding,
functor, stability

Tannaka-Krein
reconstruction

Compact group G
exists

Product structure G + chiral matter
requirement

Pseudoreal +
complex needed;
simple group fails

G is a product

Group identification Product group + MAR Minimize χcpl;
commutant
argument

G = SU(3) × SU(2) ×
U(1)

Generations G + CP violation +
asymp. freedom +
MAR

nCP formula; beta
function bound

Ng = 3

Colors Ng = 3 + Witten
anomaly + MAR

Parity constraint on
Nc; minimize χcpl

Nc = 3

Quotient Full group + anomaly
cancellation +
Yukawa

Hypercharge fixed;
trivial center element
found

Gphys = G/Z₆, Y ∈
(1)/(6)Z

Electroweak
calibration

Gauge group + pixel
constant P =
1.630968

Electroweak
calibration,
source-only repair

mW, mZ, αem, sin²θW
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Higgs stage Electroweak
calibration +
Higgs/top critical
stage

Closed quantitative
theorem on D10/D11
surface

mH = 125.1995 GeV;
top 172.352 GeV
(selected-class
theorem on fP)

Flavor stage Electroweak
calibration + flavor
transport dictionary

Continuation
branches per sector

Quark rows, charged
leptons, neutrino
masses

Born Screen + records +
Gauss projectors

Gauge-invariant
coupling, repair
enforcement

Born rule + Luders
conditioning

Bell Born rule + two
commuting wing
algebras

CHSH operator
algebra, Tsirelson
bound

No-signaling, CHSH
bound, 2√(2)
saturation

Why This Works

The Standard Model of particle physics was assembled over decades through
painstaking experimental work: discovering new particles, measuring their properties,
identifying patterns. The gauge group SU(3) × SU(2) × U(1), the three generations,
the specific hypercharge assignments: all of these were input from experiment. The
20+ free parameters of the Standard Model (masses, mixing angles, coupling
constants) were all measured, not predicted.

OPH derives all of this from five axioms about how observers share data on a sphere
and one pixel constant P. The gauge group is the unique MAR-minimal solution to the
consistency requirements. The three generations and three colors are forced by
anomaly cancellation and minimality. The Born rule emerges from how records are
written on the screen. And from the single number P = 1.630968, the electroweak
calibration stage produces the Higgs mass on the declared D10/D11 surface, all six
quark running masses (including the top, 172.352 GeV) on the selected public quark
frame class fP, and the three absolute neutrino masses with full PMNS mixing on the
weighted-cycle branch. The W and Z rows remain compare-only adapters in the
available derivation, pending the Ward-projected Thomson endpoint and the
RG/matching interval certificate.

This does not mean OPH is "proven correct." It means that IF the axioms hold, THEN
the Standard Model with its quantum measurement rules is the unique minimal
physics that follows, and a single pixel constant drives the quantitative spectrum. The
axioms themselves must be tested against further predictions: and the neutrino mass
predictions, quark mass predictions, and charged lepton hierarchy offer concrete
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targets for experimental comparison.

What We've Learned (The Whole Textbook)

1. OPH starts from five axioms about observers on spherical screens and one
pixel constant P = 1.630968 2. The screen has a concrete architecture with
gauge registers on edges and record qubits on vertices 3. Overlap consistency
produces a consensus protocol whose fixed points define objective reality
(Newman's lemma) 4. Cycle holonomy produces gauge fields; gauge symmetry
is implementation hiding 5. Cutting the screen exposes edge sectors carrying
charges with dimensions, Casimirs, and fusion rules 6. Tannaka-Krein
reconstruction identifies these charges with representations of a compact
group G 7. Two types of charge (pseudoreal + complex) force G to be a product
group, ruling out GUTs 8. MAR minimizes the coupled carrier dimension χcpl =
6, giving SU(3) × SU(2) × U(1) 9. CP violation and asymptotic freedom
constrain generations to {3,4,5}; MAR picks Ng = 3 10. Witten's anomaly
constrains colors to be odd; MAR picks Nc = 3 11. Anomaly cancellation fixes
hypercharges to multiples of 1/6; the Z₆ quotient completes the gauge group
12. From P = 1.630968: W/Z masses, Higgs/top masses, electromagnetic
coupling, and weak mixing angle are derived (electroweak calibration) 13.
Quark masses, neutrino masses and PMNS angles, and charged lepton
hierarchies follow downstream (flavor stage) 14. The Born rule and Luders
conditioning emerge from the screen's record-update protocol 15. The
Bell/CHSH package, no-signaling theorem, and Tsirelson bound follow from the
Born rule applied to two commuting wing algebras 16. Proton decay and GUT
monopoles are structurally forbidden 17. The Standard Model with quantum
measurement rules and a quantitative particle spectrum is the unique minimal
physics consistent with partial observers

Chapter 18: Darwin's Laws: Why These Laws and
Not Others?
This chapter steps back from the technical derivation to ask a deeper question: why
do we observe these particular physical laws? The concept of selection, familiar from
biology, applies to the laws of physics themselves.
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The Fine-Tuning Puzzle

The parameters of our universe are well-adjusted for the existence of complex
structures. The cosmological constant Λ ≈ 10⁻¹²² in Planck units. The Higgs boson
mass is 125 GeV. Small shifts in nuclear parameters would disrupt stellar
nucleosynthesis. The more we look, the more fine-tuning we find.

Three classic responses exist: Design (someone set the parameters), Luck (we won a
cosmic lottery), and Selection (only certain parameters permit observers, and we
necessarily observe those).

Laws as Survivors

OPH offers a fourth perspective: laws are not eternal truths waiting to be discovered:
they are survivors of a consistency filter.

Imagine the space of all possible patterns on the observer's screen. Most are
inconsistent: they violate overlap conditions. Apply the consistency filter. The
survivors have structure. They have regularities. They have what we call "laws."

The laws of physics are the patterns that work: the ones that permit stable,
self-consistent observer patches. This is not fine-tuning by a designer. It is selection
by consistency.

Quantum Darwinism

You do not need to invoke the multiverse to see Darwinian selection in physics.
Wojciech Zurek's quantum Darwinism explains how the classical world emerges from
quantum mechanics.

The environment constantly "measures" quantum systems. Photons bounce off
objects. Air molecules collide. Most quantum states are fragile: superpositions rapidly
become entangled with the environment and decohere. But some states are robust.
These pointer states survive environmental bombardment.

Surviving pointer states replicate: when you look at a tree, photons carry copies of
information about the tree to your eyes. The tree's state gets copied millions of times
into the environment. This redundant encoding is why many observers can agree on
what they see.
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Pointer states are the quantum states that survive decoherence: interaction
with the environment. Dead cats stay dead when photons bounce off them.
Alive cats stay alive. Superposition cats get destroyed. The environment acts
as a selection pressure, and pointer states are the survivors.

The classical world we perceive is the species of quantum states that learned to
reproduce. States that cannot be redundantly copied do not become "objective facts."

Laws as Compression Algorithms

The holographic screen has limited capacity: A/4G bits. It cannot encode infinite
complexity. It must compress.

Physical laws are compression algorithms. "Energy is conserved" means you do not
need to track E(t) for every moment: one number suffices. "The electron mass is
0.511 MeV" means you do not need to specify each electron's mass individually.
Conservation laws, symmetries, and universality classes are all forms of data
compression.

Among all possible compression schemes, which survive? The ones that actually
compress the data that appears on the screen. The laws we observe are compression
codes for the universe's actual data.

The Self-Referential Loop

The computational substrate produces observers through physical evolution.
Observers develop minds through biological evolution. Minds develop ideas through
memetic evolution. Among those ideas, eventually, is the understanding of reality's
computational nature.

The system contains a description of itself. The observers it produces can reconstruct
the rules that produced them. This is Hofstadter's strange loop at the deepest level:
moving through the hierarchy of physics → chemistry → biology → minds → ideas →
physics brings you back to where you started.
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What We've Learned

• Fine-tuning is real: many physical parameters are well-adjusted for
complexity

• OPH reframes this as selection by consistency: laws are patterns that survive
the overlap filter

• Quantum Darwinism shows selection at work in quantum mechanics: pointer
states are the survivors of environmental decoherence

• Laws can be understood as compression algorithms for the data on the
holographic screen

• The framework suggests a self-referential closure: the system produces
observers who reconstruct the system

This textbook is part of the OPH Student Textbook Series. For the derivation of gravity
from OPH, see Textbook 01: From Observers to Gravity.


